CONTROL OF BIFURCATIONS IN COUPLED
FITZHUGH-NAGUMO NEURONS

A MASTER’S THESIS
in
Electrical and Electronics Engineering

Atilim University

by
AMMAR OUEAD ABDALLH ABDALLH
November 2017

CONTROL OF BIFURCATIONS IN COUPLED
FITZHUGH-NAGUMO NEURONS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES
OF
ATILIM UNIVERSITY

BY
AMMAR OUEAD ABDALLH ABDALLH

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE
DEGREE OF
MASTER OF SCIENCE
IN
THE DEPARTMENT OF ELECTRICAL AND ELECTRONICS
ENGINEERING

November 2017

Approval of the Graduate School of Natural and Applied Sciences, Atilim University.

_____________________
Prof.Dr.Ali Kara
Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of Master
of Science.
_____________________
Assoc.Prof.Dr.Kemal Efe Eseller
Head of Department
This is to certify that we have read the thesis “Control of Bifurcations in Coupled
Fitzhugh-Nagumo Neurons” submitted by “AMMAR OUEAD ABDALLH
ABDALLH” and that in our opinion, it is fully adequate, in scope and quality, as a thesis
for the degree of Master of Science.

_____________________
Assoc.Prof.Dr.Reşat Özgür Doruk
Supervisor

Examining Committee Members
Assoc.Prof.Dr. Reşat Özgür Doruk

_____________________

Assist.Prof.Dr. Yaser Dalveren

_____________________

Assist.Prof.Dr. Yakup Özkazanç

_____________________

Date: (17-November-2017)

I declare and guarantee that all data, knowledge, and information in this document has
been obtained, processed and presented in accordance with academic rules and ethical
conduct. Based on these rules and conduct, I have fully cited and referenced all material
and results that are not original to this work.

Name, Last name: AMMAR ABDALLH
Signature:

ABSTRACT
Control of Bifurcations in Coupled Fitzhugh-Nagumo Neurons
ABDALLH, AMMAR
M.S. Electrical and Electronics Engineering Department
Supervisor: Assoc.Prof.Dr. Reşat Özgür Doruk
November 2017, 110 pages

A pair of identical Fitzhugh-Nagumo neuron models are coupled together
through a gap junction (electrical synapse). These neurons are excited by external
current. We have represented the system as an electrical circuit and the gap as synaptic
conductance. The complete system is a nonlinear multi-input, multi-output (MIMO)
type. By using bifurcation theory and the MATLAB based software package called
MATCONT we tracked the neuron parameters that lead to bifurcation conditions.
Actually, any change in the structure and the function of the synapse causes severe
psychiatric and neurological disorders. So that, we studied the couple of the (F-N) model
by selected different values of the synaptic conductance. For each value of the synaptic
conductance we analyzed the bifurcations for the parameters of the neurons one-by-one
using MATCONT. After that, we designed a controller to correct the defective in a
neuron activity caused by the change in synaptic conductivity and the change in the
neurons parameters. In this research, a washout filter controller of the second order type
is used. This controller provides an electrical current injection to control the unwanted
behavior of the neurons due to parametric bifurcations. Linear Quadratic Regulator
(LQR) supported by projective control theory, serves as the reference method in the
design of the controller.

Keywords: Fitzhugh-Nagumo Neurons, Bifurcation, Washout Filter, Projective Control,
Electrical Synapse.
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ÖZ
Çift Fitzhugh Nagumo Nöronları için Çatallanma Denetimi
ABDALLH, AMMAR
Y. Lisans, Elektrik ve Elektronik Mühendisliği Bölümü
Danışman: Doç.Dr. Reşat Özgür Doruk
Kasım 2017, 110 Sayfa

Sinaptik bir boşluk düğümü yoluyla elektriksel olarak bağlaşımı yapılan bir çift
Fitzhugh-Nagumo nöronu üzerinde çalışılmaktadır. Bu nöronlar kendilerine sağlanan
elektrik akımı yoluyla kontrol edilebilmektedirler. Elde edilen sistem çok girdili çok
çıktılı (MIMO) tipi doğrusal olmayan bir sistemdir. Çatallanma kuramı ve MATLAB
tabanlı MATCONT yazılımı kullanılarak elde edilen modeldeki çatallanma koşulları
tespit edilmiş olup biyolojik olarak önemi olabileceği düşünülerekten değişik sinaptik
iletkenlik değerleri kullanılarak analiz tekrar edilmiştir. Analiz sonuçlarının elde
edilmesinin arkasından söz konusu çatallanmaları düzeltebilmek için denetleyici
tasarımları yapılmaktadır. Bu denetleyici nöronlara uygun profilde bir elektrik akımı
uygulayarak çatallanmanın neden olduğu olumsuz sonuçları gidermektedir. Çift nöron
modeli iki giriş ve iki çıkışlı bir model olarak düşünülebileceği için ikinci derece bir
arındırma süzgecinin kullanılması gerekli olmaktadır. Süzgecin çıkışı doğrusal karesel
düzeltici ve izdüşümsel denetim yöntemlerinden yararlanarak hesaplanmış bir kazanç
tarafından sürülmektedir.

Anahtar Kelimeler: Fitzhugh-Nagumo Nöronları, Çatallanma, Arındırma Süzgeci,
İzdüşümsel Denetim, Elektriksel Sinaps
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CHAPTER 1
INTRODUCTION

Many scientists have worked on adapting the automatic control of architecture
towards solving the various problems related to the broad field of science. One of these
field of sciences is Neuroscience.
Neuroscience or neurobiology is the science which studies the nervous system
and its mechanism of action [1][2]. Neuroscience is very important to human life. So,
introducing this science under the auspices of the automatic control geometry is a very
important step. The human brain contains 86 billion neurons with around 19 to 23 billion
neurons in the brain cortex[3].The neuron transfers the data signals by electrochemical
mechanisms. These mechanisms depend on the different concentration of sodium (Na+),
and potassium (K+) ions inside and on the membrane of the neuron. These mechanisms
lead to produce a small ionic current through the neuron and small voltage potentials on
the membrane of the neuron. The first modeling for biological neuron was revealed by
two scholars (Hodgkin and Huxley) [4]. They put complex nonlinear high order
differential equation as a model for squid giant neuron named by (Hodgkin-Huxley)
model or (H.H) model. In 1961,Richard Fitzhugh put forward a new model for the
neuron, who named it “Bonheoffer-van der Pol model". After that J. Nagumo et al.
created an equivalent circuit for the Fitzhugh model, to create at last the FitzhughNagumo model (FHN). Actually, they simplified the (Hodgkin and Huxley) model from
the fourthorder nonlinear differential equation to the second order nonlinear differential
equation [5][6].
Many psychiatric and neurologic diseases, like mental retardation [7],
schizophrenia [8], Parkinson’s disease [9], autism [10], Alzheimer’s disease (AD) [11],
compulsive behavior [12], and addiction [13] appeared because of the dysfunction in
neuronal communication. This failure in the performance of neurons was the result of
problems in the synapses which connected the neurons to each other, and the critical
bifurcations in the biological neuron.
1

Bifurcation is divided into two main types as will be seen in chapter 3. The first one is
the local bifurcation, and the second one is the global bifurcation. The perversion of a
single parameter leads to the variation of the equilibrium point of the nonlinear system
of the local bifurcation. So, with that, analysis the local bifurcation was seen to be very
important in the nonlinear system theory. When the parameters of the system change the
local bifurcation occurs then the stability of the system changes. Therefore, we will
discuss the local bifurcation deeply. There are several types of the local bifurcation like
(HOPF) bifurcation [14.15,16,17,18] and Limit-point or Saddle-node bifurcation [14].
Another one, which is Neutral saddle point [16] which appears in this study is not
classified as bifurcation point but, it is considered as a critical point. The last type of the
bifurcation which was found was by MATCONT the Branching point or Branch point
[19]. MATCONT is a graphical MATLAB software package for the interactive
numerical study of dynamical systems. MATCONT gives the ability to compute curves
of the Neutral saddle, equilibrium, limit cycles, Branch points, HOPF points, and limit
points [20].The main objective of the study is to eliminate the oscillation that occurs due
to the bifurcations points which are resulted from the changing in the parameters.
There are several methods to control the previous bifurcations points. The control
methods are Linear Quadratic Regulator (LQR), Washout filter, projective control
theory and Pole placement approach. In this research, we used the washout filter,
projective control theory, and the Linear Quadratic Regulator. This study excluded the
Pole placement method because it affects the characteristics of the natural system.

2

1.1-

Aim and Scope

In this thesis we are going to design a controller to control two of Fitzhugh-Nagumo
non-linear model connected together by synapse(g), using a washout filter of the second
order type, and Linear Quadratic Regulator supported by projective control theory. We
implemented it using MATLAB / Simulink environment.

1.2-

Layout of the Thesis

Chapter 1 includes the introduction, the aim of the thesis and the layout of the
thesis. Chapter 2 is explains the literature survey. In this part, this study introduces
some of the works that have been done, and also shows some background on the
Fitzhugh-Nagumo model. Chapter 3 includes the theory and types of the bifurcations, in
addition to the relationship between the bifurcations and stability in the nonlinear
dynamic system. In Chapter 4, the study works on the control theories. Chapter 5
illustrates the Fitzhugh-Nagumo model, two of Fitzhugh-Nagumo model, and the
bifurcation analysis by MATCONT. In chapter 6, presents the implementation and
results of the second order washout filter for a couple of Fitzhugh-Nagumo.

3

CHAPTER 2
LITERATURE SURVEY

The basic mathematical structure of the modern neural cell model was
developed more than sixty years ago by Alan Lloyd Hodgkin who graduated from the
University of Cambridge and Andrew Fielding Huxley who graduated from Westminster
school in London [2]. They carried out a series of electrical experiments (1940-1950) on
the nerve of an Atlantic giant squid’s axon. The axon of the giant squid was
characterized by a huge diameter nearly of (0.5 mm), which was larger than Most axons
in other Organisms by 100 times. The large diameter of the giant axon was beneficial to
Hodgkin and Huxley because it allowed the manipulations that were technically
impossible in the small axons used in biophysical studies up to that point. They got a
nonlinear differential equation and computational complex neuron model for the
biological model of neuron known as Hodgkin-Huxley model (H.H) model. By a series
of clamp voltage experiments Hodgkin and Huxley systematically explained how one
could understand the micro-ionic currents in the giant squid axon in the series of
changes through the density of (K + and Na+) behavior in the axon membrane (action
potential) or (voltage-clamp) which was a constant electrical potential applied to a
neuron membrane in order to measure the ionic currents [4]. This model was very
important because it was symbolized by the behavior of a genuine neuron. For this
model, they were awarded the Nobel Prize [2][4]. After that, several scholars worked to
simplify this model so that, a group of models could emerge. One of them was the
Fitzhugh-Nagumo model.
The Fitzhugh-Nagumo model is the simplification of Hodgkin-Huxley (H.H) model
[21,22,23,24]. R. Fitzhugh worked on creating a second-order nonlinear differential
equation representing the nerve instead of the complex (H.H) model which is
represented by the fourth-order nonlinear differential equation. On the other hand, the
Hodgkin-Huxley model is the most realistic and biophysically natured than the
Fitzhugh-Nagumo model.
4

CHAPTER 3
BIFURCATION

3.1- Bifurcation Theory
The splitting of the main body into two parts refers to the meaning of
Bifurcation. It is useful and very important for the analysis of biological dynamical
systems.
Henri Poincaré a French mathematician he was the first person who used the
name “Bifurcation”. He used this term in 1885 in his mathematics paper showing
this behavior [25]. The bifurcation theory is the study of changes in the qualitative
structure mathematically by varying parameters, of a dynamical system. So that, any
tiny smooth change in a system parameter can produce a sudden ''qualitative'' or
topological change in its behavior and therefore, the bifurcation occurs. Bifurcation
has a negative effect on the physical systems because of the high-amplitude
oscillations or the instability. In the continuous systems like: (ODEs or PDEs) and
discrete systems (maps), the Bifurcations appear. In biological models, the
bifurcation is relative to the characteristics of the equilibrium points which has
specific change.

3.2- Types of Bifurcation
There are two types of bifurcations. The first one is the local bifurcation. This
type of bifurcations is very important for this research. The second type is a global
bifurcation.

Local Bifurcation
The local bifurcation is the bifurcation which can be fully analyzed with the changes
in the characteristics of the local stability of equilibrium. It occurs when a
parameter’s change causes the stability of an equilibrium (or fixed point) to change
[26]. The local bifurcation is more interesting in engineering problems. So that, we
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are going to focus on the local bifurcations. There are several types of local
bifurcation.

1- Saddle-Node (fold) Bifurcation
The Saddle-Node is a type of local bifurcation. It is basically a collide of two
converging equilibriums or two fixed points of a dynamical system and annihilates each
other. The collision leads to finish the equilibrium in a dynamical system. This
bifurcation appears when the parameter change produces a single zero eigenvalues in the
Jacobean of the system. This type of bifurcation has several names like tangential
bifurcation or fold bifurcation and blue skies bifurcation. The Saddle-Node name can be
referenced to continuous dynamical systems, but the fold bifurcation name can be
referenced to the discrete dynamical systems. A differential equation below which
represents a good example for a saddle-node bifurcation [28]:
𝑚 𝑡 = 𝑠 + 𝑚2

(1)

where
𝑚 is the variable of the state, and (𝑠) is the parameter of the bifurcation at fixed point
𝑚 𝑡 =0
So,
𝑠 + 𝑚2 = 0

(2)

𝑚 = ∓ −𝑠

(3)

where

Therefore the fixed point exists only at 𝑠 ≤ 0 , and when 𝑠 > 0 we have imaginary
fixed point.
If (𝑠 > 0) the equilibrium points do not exist.
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If (𝑠 < 0 ) two equilibrium points exist, one of them is stable at − −𝑠 which can be
located at the left side of the 𝑥 axis, the other one is unstable at + −𝑠 because it is at
the right side of the 𝑚 axis.

If (𝑠 = 0), the bifurcation point exists, in this case, there will be one equilibrium which
points only. The fixed point will be called saddle-node fixed point and it is will not
hyperbolic. The stable fixed point collides with the unstable fixed point and after that it
will disappear.

𝑚

𝑚

𝑚

𝑚

m

𝑠<0

𝑚

𝑠=0

𝑠>0

Figure (3.1) The Saddle-Node Bifurcation Phenomenon

2- Neutral Saddle Point
Neutral saddle points are not classified as bifurcations but considered as critical
points. The stability of the equilibrium leading to a Neutral Saddle is lost due to a pair of
real value eigenvalues that are equal in magnitude and opposite in signs.

3- Branch-Point Bifurcation
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Branching point or branch point, from this point, can be two equilibrium path
branches emit so there is no individual tangent [19]. The B.P appear when the real part
of the eigenvalue crosses zero.

4- HOPF-Bifurcation
Henri Poincaré, Eberhard HOPF, and Aleksandra Andronov. These people are the
ones who invented the HOPF-Bifurcation theorem. When a periodic solution or limit
cycle appears and the system's stability switches, the critical point, in this case,
represents the HOPF-bifurcation. In another word, the HOPF-bifurcation is a tool to
prove the existence of limit cycles. Where limit cycle is a periodical oscillation that is
stable to perturbations. Mentioned scientists analyzed the bifurcation in the 2dimensional plane when the limit cycle rushes from the equilibrium point. When the
system parameters change and produce pure complex conjugate eigenvalues the HOPFBifurcation appear. So that the criticality of HOPF-Bifurcation determines the quality of
limit cycle. Therefore, there are two types of HOPF-Bifurcation one of them is
supercritical and the other is subcritical. When the HOPF-Bifurcation case is
Supercritical and a specific quantity which called the first Lyapunov coefficient is
negative so this erupts the limit cycle which is stable. In any other case the erupts limit
cycle will be unstable which yields the subcritical bifurcation.
The general form of a HOPF-Bifurcation is.
𝑑𝐻
𝑑𝑡

= 𝐻( 𝜎 + 𝑖 + 𝑏 𝐻 2 )

(4)

where H and b are complex and 𝜎 is a parameter.
So,
𝑏 = 𝛼 + 𝑗𝛽
8

(5)

𝛼 is the first Lyapunov coefficient.
1-The limit cycle is stable when 𝛼 is negative and 𝜎 > 0
𝐻 𝑡 = 𝑟𝑒 𝑗𝑤𝑡
𝑟=

where

−𝜎
𝛼

and 𝑤 = 1 + 𝛽𝑟 2

(6)

(7)

Then the bifurcation is called supercritical.
2-The limit cycle is unstable when 𝛼 is positive and 𝜎 < 0. Then the bifurcation is
called subcritical.

Figure (3.2) supercritical HOPF bifurcation when 𝛼 is negative and 𝜎 > 0

9

Figure (3.3) subcritical HOPF bifurcation when 𝛼 is positive and 𝜎 < 0.

3.3-Nonlinear Dynamic System
When a system’s output is not proportional to its inputs the system is called a
nonlinear system [27]. Engineers, physicists, mathematicians and many other scientists
are very interested in Nonlinear problems [28]. This is because most systems in nature
are nonlinear. The general form of a nonlinear system can be written as follows.

𝑋 = 𝑓 𝑥, 𝑢 , 𝑡

(8)

𝑌 = 𝑔(𝑥, 𝑢 , 𝑡)

(9)

The above system has input signal which is (u). Therefore, the system without input
signal will be as shown below.

𝑋 = 𝑓 𝑥, 𝑡

(10)

𝑌 = 𝑔(𝑥, 𝑡)

(11)
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where
x: is state vector, x ∈ Rn
u: is input or control signal, u ∈ R
y: is output, y ∈ Rr
n: is the order of the system
r: is the number of available feedback lines.

3.4- Equilibrium Point
Consider a differential equation represent a nonlinear system.

𝑥 𝑡 = 𝑓(𝑥 𝑡 , 𝑢 𝑡 )

(12)

If there is a specific input (𝑢 ∈ 𝑅𝑚 ) which called the equilibrium input. A point (𝑥 ∈
𝑅𝑛 ) is called an equilibrium point where (𝑓) is the function mapping of (𝑅𝑛 ∗ 𝑅𝑚 ) →
𝑅𝑛 . For example, assume 𝑥 is an equilibrium point with equilibrium input (𝑢 ) and
the system is f (𝑥 , 𝑢 ). So, when the system 𝑥 𝑡 = 𝑓(𝑥 𝑡 , 𝑢 𝑡 ) starting from initial
condition 𝑥 𝑡0 = 𝑥 , and the input is 𝑢 𝑡 ≡ 𝑢 for all 𝑡 ≥ 𝑡0 . The resulting solution
𝑥(𝑡) satisfies 𝑥(𝑡)= 𝑥 for all 𝑡 ≥ 𝑡0 . As a result, it is called an equilibrium point.

3.5- Linearization
Nonlinear differential equations represent most of the governing real-life
processes. When one encounter a problem of the nonlinear type it is very difficult to
11

analyze it by mathematical methods unless one makes some changes to the nonlinear
equation. So, there will a need to simplify the nonlinear equation in order to obtain a
solvable equation in the usual math methods. For this purpose, one will use the
Linearization methods which is based on Tayler series expansion. For example: Let us
assume the nonlinear system as the equation (12).

𝑋 = 𝑓(𝑥 𝑡 , 𝑢 𝑡 )

(13)

Let (𝑥0 , 𝑢0 ) is an equilibrium point, that is (𝑥0 , 𝑢0 ) =0.

One can expand the functions (𝑥, 𝑢) around (𝑥0 , 𝑢0 ) by using Taylor Series, as shown
below.
𝑓 𝑥, 𝑢 = 𝑓 𝑥0 , 𝑢0 +

𝑑𝑓
𝑑𝑓
𝑥 0 , 𝑢0 ∗ 𝑥 − 𝑥 0 +
𝑥 , 𝑢 ∗ 𝑢 − 𝑢0 + 𝐻. 𝑂. 𝑇
𝑑𝑥
𝑑𝑢 0 0

H.O.T is a higher order of terms in Taylor Series expansion. If one omits the H.O.T the
equation will represent the approximate behavior of the nonlinear system in (11) near
(𝑥0 , 𝑢0 ).

where
𝑓 𝑥0 = 0

(14)

So,
𝑑𝑓

𝑑𝑓

𝑑𝑓

𝑥 𝑡 = 𝑓 𝑥 = 𝑓 𝑥0 + 𝑑𝑥 𝑥 − 𝑥0 = 𝑑𝑥 𝑥 − 𝑥0 = 𝑑𝑥 𝛿𝑥

The variation of the trajectories around 𝑥0 is 𝛿𝑥 = 𝑥 − 𝑥0
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(15)

The 𝑥0 is a constant
So,
𝛿𝑥 = 𝑥 − 𝑥0 = 𝑥

(16)

(𝑥0 , 𝑢0 ) point represent the equilibrium point. So that 𝑓(𝑥0 , 𝑢0 ) =0.
Then
𝑑𝑓

𝑑𝑓

𝑥 𝑡 = 𝑓 𝑥0 , 𝑢0 + 𝑑𝑥 𝑥0 , 𝑢0 ∗ 𝑥 − 𝑥0 + 𝑑𝑢 𝑥0 , 𝑢0 ∗ 𝑢 − 𝑢0

𝑑𝑓

𝑑𝑓

𝛿𝑥 = 𝑑𝑥 𝑥0 , 𝑢0 ∗ 𝑥 − 𝑥0 + 𝑑𝑢 𝑥0 , 𝑢0 ∗ 𝑢 − 𝑢0

(17)

(18)

From the last equation, we can form a linear system as shown below.

𝑥 𝑡

=

𝑑𝑓
𝑑𝑥

𝑑𝑓

𝑥0 , 𝑢0

𝑥 𝑡

𝑑𝑢

𝑥 0 , 𝑢0

𝛿𝑥
𝛿𝑢

= 𝐴 𝑥 − 𝑥 0 + 𝐵 𝑢 − 𝑢0

(19)
(20)

Then
𝑑𝑓

𝐴 = 𝑑𝑥

,

𝑑𝑓

𝐵 = 𝑑𝑢

A and B are matrices. which are called as Jacobian matrices at (𝑥0 , 𝑢0 ).
From the Jacobian matrix (A) one can find the eigenvalues of the system, which can be
determined by the nature of the solutions nearly equilibrium points, as shown below:
1- If the Jacobian matrix produces an eigenvalue with the negative real part, it
means the original system has a locally stable equilibrium point.
2- If the Jacobian matrix produces an eigenvalue with positive real part, it means
the original system has a locally unstable equilibrium point.

13

3.6- Bifurcation Theory and Stability.
The system is stable or in an equilibrium when its state does not change when the
time change. The Bifurcation is a strange phenomenon of nonlinear problems and is
closely related to system instability. Let us assume the Jacobian of the function (𝑓) is
𝑑𝑓𝑖

𝐴 = 𝑑𝑢𝑗

at 𝑥0 , 𝑢0

𝑥 0 ,𝑢 0

(21)

So, if all eigenvalues of (A) have negative real parts then the equilibrium solution 𝑥0
is stable. When there are some of the eigenvalues positive real parts then 𝑥0 is unstable.
But if there are imaginary eigenvalues then the bifurcation occurs.

CHAPTER 4
THEORETICAL METHODS OF CONTROL

4.1- Linear Quadratic Regulator System.
Optimal controllers are the best possible controllers, according to some feature. The
MIMO control system design is very attached to the concept of optimality. In this sense,
to design stabilizing controllers for MIMO system, the optimal control will be the
solution. So, to provide practical feedback gains. One needs to use a design technique
known as the linear quadrature regulator (L.Q.R).
This method is better than the pole placement method in terms of the ability to compute
the state feedback control gain matrix in a systematic way [30] [31].
One will assume the optimal regulator system equation as shown below.
𝑥 = 𝐴𝑥 + 𝐵𝑢
(22)
From the optimal control vector, we will locate the matrix (K).
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𝑢 𝑡 = −𝐾𝑥(𝑡)

(23)

This equation is optimal for any initial state 𝑥(0).
One can minimize the performance index by.
𝐽=

∞
(𝑥 T
0

𝑄𝑥 + 𝑢𝑇 𝑅𝑢)𝑑𝑡

(24)

where
𝑄 is positive definite or positive-semi-definite.
𝑅 is positive definite.
The matrices Q and R determine the importance of the error and the expenditure of
energy which accounts for (𝑢T 𝑅𝑢).

Figure (4.1) quadratic optimal regulator system block diagram shows the optimal
configuration.
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One will solve the optimization problem. Substituting equation (23) into equation (22),
It gets.
𝑥 = 𝐴𝑥 − 𝐵𝐾𝑥 = 𝐴 − 𝐵𝐾 𝑥
suppose the matrix

𝐴 − 𝐵𝐾

(25)

is stable, or this matrix has negative real parts

eigenvalues.
Substituting equation (23) into (24) equation, one shall get.
𝐽=

𝐽=

∞
(𝑥 T
0

∞
0

𝑄𝑥 + 𝑥 𝑇 𝐾 𝑇 𝑅𝐾𝑥)𝑑𝑡

𝑥 T (𝑄 + 𝑥 𝑇 𝐾 𝑇 𝑅𝐾)𝑥𝑑𝑡

(26)

(27)

Let us make
𝑑

𝑥 T 𝑄 + 𝑥 𝑇 𝐾 𝑇 𝑅𝐾 𝑥 = − 𝑑𝑡 (𝑥 𝑇 𝑃𝑥)

(28)

P matrix is a positive definite or real symmetric. Yields
𝑥 T 𝑄 + 𝑥 𝑇 𝐾 𝑇 𝑅𝐾 𝑥 = −𝑥 𝑇 𝑃𝑥 − 𝑥 𝑇 𝑃𝑥 = −𝑥 𝑇 [ 𝐴 − 𝐵𝐾 𝑇 𝑃 + 𝑃 𝐴 − 𝐵𝐾 ]𝑥

(29)

The last equation has to be true for any (x) after comparing the two sides of this
equation. So that
𝐴 − 𝐵𝐾 𝑇 𝑃 + 𝑃 𝐴 − 𝐵𝐾 = − 𝑄 + 𝐾 T 𝑅𝐾
(30)
The matrix (P) is a positive definite when one approves the (𝐴 − 𝐵𝐾) it is stable, and the
matrix (P) will satisfy the equation (30). So, one will need to see if the matrix (P) is
positive definite after determine this matrix from equation (30). When the system is
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stable the matrix (P) will not be unique and there are more than one of this matrix which
may satisfy the equation (30). Therefore, if one finds one (P) matrix positive definite for
this equation and the system is stable, then one must cancel other (P) matrices which is
not positive definite. One can find the performance index as shown below:

𝐽=

∞
0

𝑇
𝑇
𝑥 T 𝑄 + 𝐾 𝑇 𝑅𝐾 𝑥𝑑𝑡 = −𝑥 𝑇 𝑃𝑥|∞
0 = −𝑥 ∞ 𝑃𝑥 ∞ + 𝑥 (0)𝑃𝑥(0)

(31)

As we assumed all eigenvalues of 𝐴 − 𝐵𝐾 have negative real parts, so 𝑥(∞) → 0 and
the result is
𝐽 = 𝑥 T 0 𝑃𝑥(0)

(32)

From term include P matrix and initial condition x(0) we can find the performance
index J.

𝑄 matrix is positive definite Hermitian as assumed before or real symmetric matrix. For
quadratic optimal control problem.
𝑄 = 𝑇T ∗ 𝑇

(33)

T is a nonsingular matrix. So, we can rewrite the equation (30) as
𝐴T − 𝐾 𝑇 𝐵𝑇 𝑃 + 𝑃 𝐴 − 𝐵𝐾 + 𝑄 + 𝐾 𝑇 𝑇 𝑇 𝑇𝐾 = 0
Or
𝐴T 𝑃 + 𝑃𝐴 + [𝑇𝐾 − 𝑇 𝑇

−1

𝐵𝑇 𝑃]𝑇 [𝑇𝐾 − 𝑇 𝑇

(35)
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−1

𝐵𝑇 𝑃] − 𝑃𝐵𝑅−1 𝐵𝑇 𝑃 + 𝑄 = 0

(34)

The minimization of the equation below is a requirement of minimizing the J equation
with respect to K.

𝑥 T [𝑇𝐾 − 𝑇 𝑇

−1

𝐵𝑇 𝑃]𝑇 𝑇𝐾 − 𝑇 𝑇

−1

𝐵𝑇 𝑃 𝑥

(36)

The last equation is not negative. So, when it is zero the minimum happens, or in case
𝑇𝐾 = 𝑇 T

−1

𝐵𝑇 𝑃

(37)

And therefore,
𝐾 = 𝑇 −1 𝑇 T

−1

𝐵𝑇 𝑃 = 𝑅−1 𝐵𝑇 𝑃

(38)
Hence
One can find the optimal matrix K from equation (38). So, the optimal control law is
𝑢 𝑡 = −𝐾𝑥 𝑡 = −𝑅 −1 𝐵T 𝑃 ∗ 𝑥(𝑡)

(39)

The equation (30) or the reduced of this equation as shown below, must be satisfied by
the P matrix of the equation (38).
𝐴T 𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1 𝐵𝑇 𝑃 + 𝑄 = 0

(40)

The equation (40) called Riccati equation or reduced matrix.
The design steps are
1- Solve the Riccati equation for P matrix. The system or matrix 𝐴 − 𝐵𝐾 is stable
when the P matrix is positive definite.
2- Find the optimal matrix K by substitute P matrix in equation (38).

4.2- Washout Filter Theory.
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The Washout filter works on truncating the steady-state part of the input signal and
passes the transient part. So that, this filter acts as a high-pass filter. This characteristic
of the washout filter helps to keep the natural equilibrium points in the physical
nonlinear system without change. The represented form of the washout filter on sdomain is as shown below [32].

𝑌

𝑆

𝐺(𝑠) = 𝑋(𝑠) = (𝑆+𝑎 )
(𝑠)

(41)

𝐺𝑠 ∗ 𝑆+𝑎 =𝑠

𝐺𝑠 ∗𝑆+ 𝐺𝑠 ∗𝑎=𝑆

𝑎

𝐺 𝑠 = 1 − (𝑆+𝑎 )

(42)

The important parameter is larger than zero, which is the inverse time constant of the
filter.

The high-pass-filter can be represented in state-space as shown below.
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𝑧 = 𝛼𝑤 𝑧 + 𝛽𝑤 y
(43)
𝐼 = 𝛼𝑤 𝑧 + 𝛽𝑤 y

(44)

where
Z: is the state of the washout filter 𝑧 ∈ 𝑅𝑛
Y: is the measured output of the system which needs controlling.
I: is the output of the washout filter and it is the input(u)to the controlled system 𝐼 ∈ 𝑅.
𝛼𝑤 : is the state of the system 𝛼𝑤 ∈ 𝑅𝑟∗𝑐 . r is a row, c is a column.
𝛽𝑤 : is the state of the output of the system 𝛽𝑤 ∈ 𝑅𝑟 .

The number of columns in 𝛽𝑤 depends on the size of (y). To apply the state feedback
control techniques, one must have to augment the washout filter to the original nonlinear
system. 𝛼𝑤 must be Hurwitz matrix or stable matrix which mean all eigenvalues of this
matrix have negative real part.

4.3- Projective Control Theory
Orthogonal projection is the concept underlying the method of projection
control. The projective control method which is a linear method is used in the
approximates of state feedback. Where the state feedback would be found by whatever
method such as (L.Q.R) method or other. One cannot retain all the eigenvalues of the
state feedback system when using projective control method, but the number of available
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outputs for feedback determines the number of eigenvalues which is able to retain.
Therefore, the optimal control matrix (𝐾𝑓 ) which is obtained from the state feedback is
the reference for the projective control method.

Assume the system as shown below.
𝑥 = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥
where
𝑥: is the state of linear plant (𝑥 ∈ 𝑅𝑛 ).
𝑢: is the input of the linear plant ( 𝑢 ∈ R𝑚 ).
𝑦: is the output which feed the feedback (𝑦 ∈ 𝑅𝑟 ).
𝐴: ( 𝐴 ∈ 𝑅𝑛 ∗𝑛 )
𝐵: (𝐵 ∈ 𝑅𝑛 ∗𝑚 )
𝐶: is the related matrix between the outputs of the plant and the state
(𝐶 ∈ 𝑅𝑛 ∗𝑟 ). r is the available feedback lines.

The full state feedback control signal defined as below.

𝑢 = −𝐾𝑓 𝑥

The gain matrix (𝐾𝑓 ∈ 𝑅𝑚 ∗𝑛 ) is the matrix which obtained by using (L.Q.R) theory.

The close loop of state feedback is

21

𝑥 = 𝐴 − 𝐵𝐾𝑓 𝑥

(45)

The eigenspectrum of closed loop of state feedback determine as showed below

ʌ=

λ1
⋮
0

⋯
⋱
⋯

0
⋮ , ˅ = 𝑣1 , 𝑣2 … … , 𝑣𝑛
λn

ʌ = eig(A − B𝐾𝑓 )

(46)

ʌ: is the diagonal eigenvalues matrix.
˅: is the eigenvectors matrix.

The eigenspectrum equation as below.
𝐴 − 𝐵𝐾𝑓 ˅ = ʌ˅

(47)

From the feedback which taken from the output vector, the control signal 𝑢 obtained
𝑢 = −𝐾0 𝑦
where
𝑦 = 𝐶𝑥

So
𝑢 = −𝐾𝑜 𝐶𝑥

(48)

The closed-loop dynamic of the output feedback can be found as below.
𝑥 = 𝐴 − 𝐵𝐾𝑜 𝐶 𝑥
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(49)

𝐴 − 𝐵𝐾𝑜 𝐶 ˅𝑟 = ˅𝑟 ʌ𝑟
𝐴 − 𝐵𝐾𝑓 ˅𝑟 = 𝐴 − 𝐵𝐾𝑜 𝐶 ˅𝑟
From the last equation, we can find the relationship between 𝐾𝑓 &𝐾𝑜
𝐾𝑜 = 𝐾𝑓 ˅𝑟 (𝐶˅𝑟 )−1
The output feedback gain is 𝐾𝑜 .

CHAPTER 5
FITZHUGH-NAGUMO MODEL
FOR
COUPLE OF NEURONS
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(50)

5.1- Fitzhugh-Nagumo Model

Fitzhugh created one of the most influential models of excitable dynamics,
the Fitzhugh-Nagumo Model, which became a standard tool in computational
neuroscience [32]. The Fitzhugh-Nagumo model symbolizes to membrane potential by
(V), and recovery variable by (W). This model excited by external current injection (Iext)
as shown below.

𝑉 = 𝑉 − 𝑑𝑉 3 − 𝑊 + 𝐼𝑒𝑥𝑡
(51)
𝑊 = 𝑐𝑉 + 𝑎 − 𝑏𝑊

(52)

where:

V: Membrane potential
W: Recovery variable
𝐼𝑒𝑥𝑡 : External current
And (a, b, c, d) are the neuron parameters

5.2- Connect Two of Fitzhugh-Nagumo Model

In fact, the nerve does not work alone, but it works in groups of nerves linked together
by (synapses) to transfer and process information. So that, one can add the synapse (g)
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as a conductance to the Fitzhugh-Nagumo model. In addition to that, there are
membrane potential and excitation current for each neuron.

𝑉1 = 𝑉1 − 𝑑1 ∗ 𝑉1

3

− 𝑊1 + 𝑔 ∗ 𝑉2 − 𝑉1 + 𝐼1𝑒𝑥𝑡

𝑊1 = 𝑐1 ∗ 𝑉1 + 𝑎1 − 𝑏1 ∗ 𝑊1

𝑉2 = 𝑉2 − 𝑑1 ∗ 𝑉2

3

(53)
(54)

− 𝑊2 + 𝑔 ∗ 𝑉1 − 𝑉2 + 𝐼2𝑒𝑥𝑡

𝑊2 = 𝑐1 ∗ 𝑉2 + 𝑎1 − 𝑏1 ∗ 𝑊2

(55)
(56)

V1: membrane potential of neuron1.
V2: membrane potential of neuron2.
𝐼1𝑒𝑥𝑡 : excitation current for neuron1.
𝐼2𝑒𝑥𝑡 : excitation current for neuron2.
g: synapse conductance between two neurons.

a1, b1, c1 and d1 are the parameters of the two identical neurons

To get the equilibrium point we chose the neuron parameters as below:
Table (5.1) parameters of the neuron.
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The value of

Parameter

Value

A

0.08

B

0.056

C

0.064

D

0.333

V1 = V2 = 0, W1 = W2 = 0, and I1 ext = I2 ext =0.

In this case, the value of the synapse (g) not important because it does not affect. One
obtains the result in figure (5.1):

(a)

(b)

Figure (5.1) the open loop response Fitzhugh-Nagumo model without external current
and (a) for membrane potential, (b) for recovery variable.
The values of V1, V2, W1, W2 at equilibrium point
V1=-1.536672692
V2=-1.536672692
W1=-0.3279627922
W2=-0.3279627922
5.3- Bifurcation Analysis Results for Couple of F-N Model with Different Values of
The Synapse (g).
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1- Table (5.2) bifurcation analysis results for the Fitzhugh-Nagumo model
obtained from MATCONT software for g=0.05.
Condition

Type

Points information

Eigenvalues

Of point
a1 = 0.08

--

--

--

b1=0.056

--

--

--

c1= 0.064

--

--

--

d1= 0.333

L.P

V1=-14.999999,V2=-14.999999

1.42329e-09 , 0.0057076

W1=-15.714284,W2=-15.714284

0.98115 , 1.08686

d= -0.000212 , a=-2.284915e-04
N.S

V1=-18.369878 ,V2= -18.369878

-0.00257053,0.0025705

W1=-19.565575, W2= -19.565575

1.0367 , 1.14184

d= -0.000193
Neutral saddle
B.P

(V1=-23.076923 ,V2=-23.076923

-0.00469973,1.07384e-16

W1=-24.945055 , W2=-24.945055

1.08686 , 1.19156

d= -0.000152 )
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Figure (5.2) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.3) Bifurcation diagram of F-N model against varying parameter (b1)
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Figure (5.4) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.5) Bifurcation diagram of F-N model against varying parameter (d1)
Backward + Extend after the L.P
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2- Table (5.3) bifurcation analysis results for the Fitzhugh-Nagumo model obtained
from MATCONT software for g=0.3.
Condition

Type

Points information

Eigenvalues

Of points
a1= 0.08

--

--

--

b1=0.056

--

--

--

V1=-0.586809 , V2= -0.586809

-4.73173e-07+j0.42752

W1=-0.519522 ,W2= -0.519522

-4.73173e-07-j0.42752

C= 0.185909 )

0.3 + j0.243256

c1= 0.064 Hopf

-01

d1= 0.333 Hopf

F.L.CO.=-2.300514e

0.3 - j0.243256

V1=-5.547352 ,V2=-5.547352

1.04628e-06+j0.246706

W1= -4.911260 , W2 -4.911260

1.04628e-06-j0.246706

d=0.003726

0.049528 ,0.550474

F.L.CO.=2.394756e-03
LP

V1=-14.999999 , V2= -14.999999 1.42329e-09,0.0832491
W1=-15.714284 ,W2=-15.714284 0.403608 , 1.08686
d=-0.000212
a=-2.284915e-04
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Figure (5.6) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.7) Bifurcation diagram of F-N model against varying parameter (b1)
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Figure (5.8) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.9) Bifurcation diagram of F-N model against varying parameter (d1)
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3-Table (5.4) bifurcation analysis results for the Fitzhugh-Nagumo model obtained
from MATCONT software for g=0.47.
Condition

Type

Points information

Eigenvalues

0f points
a1=0.08

Hopf

v1= -0.063257,v2= -0.063257

1.29367e-06+j0.24671

w1= -0.063172,w2= -0.063172

1.29367e-06-j0.24671

a= 0.000511

0.00883174,0.93117

F.L.CO.=-2.10991e01
Hopf

(v1= 0.063274 , v2=0.063274

1.82717e-07+j0.24677

W1=0.063190 , w2=0.063190

1.82717e-07-j0.24677

a= - 0.000511 )

0.00883189,0.93117

F.L.CO.=-2.10979e-01
b1=0.056

Hopf

v1= - 0.434169,v2= -0.434169

1.35065e-07+j0.21802

W1=-0.406916,w2=- 0.406916

1.35065e-07+j0.21802

b= - 0.128315

0.240328 , 0.69967

F.L.CO.=-4.42746e-01
c= 0.064

Hopf

v1=- 0.972084,v2= -0.972084

- 0.695214,- 0.24479

W1=-0.666201,w2= -0.666201

-1.21539e-06+ j0.34284

C= 0.120676 )

-1.21539e-06 -j0.34284

F.L.CO.=-2.23886e-02
Hopf

v1=-0.063277, v2= -0.063277

6.80562e-09 + j1.14764

W1=-0.063193,w2=-0.063193

6.80562e-09 - j1.14764

C= 1.320206

0.47 + j1.02153
-01

d1=0.333

Hopf

F.L.CO.=-1.07799e

0.47 - j1.02153

v1= -3.122405, v2=-3.122405

-0.79771 , -0.142287

W1=-2.139892,w2= -2.139892

1.61024e-06+j0.24671

d=0.032275

1.61024e-06-j0.24671

F.L.CO.=1.67680e-02
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Hopf

v1=-9.907529 ,v2= -9.907529

-9.99994e-09+j0.24671

W1=-9.894319,w2=-9.894319

-9.99994e-09-j0.24671

d=0.000014

0.00883192 0.931168

F.L.CO =-8.60597e-06

LP

v1=-14.999999,v2=14.999999

1.42329e-09

W1=-15.714284,w2=-15.714284 0.0734286+j0.217367
d= -0.000212 )

0.0734286-j0.217367

a=-2.284915e-04

1.08686
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Figure (5.10) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.11) Bifurcation diagram of F-N model against varying parameter (b1)
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Figure (5.12) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.13) Bifurcation diagram of F-N model against varying parameter (d1)
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4- Table (5.5) bifurcation analysis results for the Fitzhugh-Nagumo model obtained
from MATCONT software for g=0.55.
Condition

Type

Points information

Eigenvalues

of points
a1 = 0.08

N.S

V1=-0.741964,v2= -0.741964,

-0.508534,-0.19743

w1= -0.605947,w2= -0.605947

0.192644 , 0.20140

a1=0.013553 , Neutral saddle
N.S

v1= -0.690274,v2= -0.690274,

-0.376003,-0.255998

w1= -0.580750,w2= -0.580750

0.0922261, 0.375773

a1=0.011656
Neutral saddle
N.S

v1=0.741978,v2=0.741978
w1=0.605954 ,w2= 0.605954

-0.508565,-0.19742

a1= -0.013553

0.193305 , 0.20071

Neutral saddle
b1=0.056

N.S

v1=-0.578532 , v2= -0.578532

-0.230804,-0.11996

w1=-0.514052 , w2=-0.514052

,0.230771 ,0.51846

b1=-0.083598 , Neutral saddle
BP

c1= 0.064

Hopf

v1=-0.132033 , v2=-0.132033

6.12147e-14,0.42766

w1= -0.131266 ,w2=-0.131266

0.763829+j0.12707

b1=-0.545074

0.763829-j0.12707

V1=-0.972084 , v2=-0.972084 ,

-0.901229 ,-0.19877

w1= -0.666201, w2= -0.666201

-9.79016e-07+j0.3428

c1=0.120676

-9.79016e-07-j0.3428

F.L.CO.=-2.239003e-02
d1= 0.333

Hopf

V1=-3.122405 , v2= -3.122405 ,

-0.974303 , -0.12569

w1= -2.139891 ,w2=-2.139891

1.4983e-06+j0.24671

d1=0.032275

1.4983e-06-j0.24671

F.L.CO =1.676810e-02
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Hopf

V1=-4.379402 ,v2=-4.379402 ,

-0.508645 ,-0.19739

W1=-3.576459 ,w2= -3.576459

0.196982+j0.000259

d1= 0.009560

0.196982-j0.0002587

F.L.CO =-6.297223e-03
N.S

V1=-4.738122 ,v2= -4.738122

-0.375856,-0.25609

W1= -3.986425 , w2=-3.986425

0.0921974, 0.37586

d1=0.007067
Neutral saddle

LP

V1=-14.999999 ,v2=-14.999999

-0.0065714+j0.248106

W1=-15.714284 ,w2=-15.714284

-0.0065714-j0.248106

d1= -0.000212

-1.42329e-09, 1.08686

a=-2.284915e-04

Hopf

( V1=-15.723270 ,V2=-15.723270

-0.000668684

W1=-16.540880 , W2= -16.540880

-3.73605e-09+j0.24671

d= -0.000210 )

-3.73605e-09-j0.24671

F.L.CO = -6.930511e-03

1.10067
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Figure (5.14) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.15) Bifurcation diagram of F-N model against varying parameter (b1)
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Figure (5.16) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.17) Bifurcation diagram of F-N model against varying parameter (d1)
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5- Table (5.6) bifurcation analysis results for the Fitzhugh-Nagumo model obtained
from MATCONT software for g=1.
Condition

Type

Points information

Eigenvalues

Of points
a1 = 0.08

N.S

V1=-0.702457, V2= -0.702457

-1.44694, - 0.102012

W1= -0.587031, W2 -0.587031

0.10201, 0.349037

a= 0.012084
Neutral saddle
N.S

V1= -0.064441, V2= -0.064441

-0.931006, - 0.129142

W1=-0.064352, W2=-0.064352

0.00884235, 0.931009

a= 0.000521
Neutral saddle
N.S

V1=0.064455, V2=0.064455

-0.931008, - 0.129142

W1=0.064366, W2=0.064366

0.00884248, 0.931007

a= -0.000521
Neutral saddle
N.S

V1=0.702460, V2=0.702460

-1.44694, - 0.102012

W1=0.587033, W2=0.587033

0.102013, 0.34903

a= -0.012084
Neutral saddle
b1=0.056

Hopf

V1=-1.011869, V2-1.011869

-1.99108, - 0.00892506

W1=-0.666871, W2-0.666871

-4.23277e-07+ j0.251948

b=-0.022854

-4.23277e-07- j0.251948

F.L.CO.=-4.07601e-01
B.P

V1=-0.882348, V2= -0.882348

-1.74176, 3.6896e-15

W1=-0.653597, W2= -0.653597

0.12912 + j0.235221

b= -0.036000

0.12912 - j0.235221
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c1
=0.064

Hopf

V1=-0.972084, V2=-0.972084

-1.87776, - 0.122241

W1=-0.666201, W2=-0.666201

-8.69714e-07+ j0.34284

C=0.120676

-8.69714e-07- j0.34284

F.L.CO.=-2.23907e-02
d1=
0.333

Hopf

V1=-3.122403, V2=-3.122403

-1.90947, - 0.0905299

W1=-2.139889, W2=-2.139889

1.08556e-06 + j0.246706

d=0.032275

1.08556e-06 - j0.246706

F.L.CO =1.67686e-02

N.S

V1=-4.650667, V2=-4.650667

-1.44694, - 0.102012

W1=-3.886476, W2=-3.886476

0.102012, 0.349033

d= 0.007597
Neutral saddle
N.S

V1=-9.904106, V2=-9.904106

- 0.931007, - 0.129142

W1=-9.890407, W2=-9.890407

0.00884243, 0.931008

d= 0.000014
Neutral saddle
L.P

V1=-14.999999, V2=-14.999999

- 0.767147, - 0.145995

W2=- 1.42329e-09, 1.08686

W1=-15.714284,
15.714284
d= -0.000212
a=-2.28492e-04
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Figure (5.18) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.19) Bifurcation diagram of F-N model against varying parameter (b)
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Figure (5.20) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.21) Bifurcation diagram of F-N model against varying parameter (d1)
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6 -Table (5.7) bifurcation analysis results for the Fitzhugh-Nagumo model obtained
from MATCONT software for g=10.

Condition

Type

Points information

Eigenvalues

Of points
a1 = 0.08

N.S

V1=-0.621314,V2= -0.621314

-19.3823,-0.0593115

W1=-0.541445,W2=-0.541445

0.059305 , 0.49905

a= 0.009443 ), Neutral saddle
N.S

V1= 0.621334 , V2=0.621334

-19.3824,-0.0593115

W1= 0.541457 , W2=0.541457

0.0593114, 0.499019

a= -0.009444 , Neutral saddle
b1=0.056

B.P

Hopf

c1=0.064

d1=0.333

Hopf

Hopf

N.S

V1=-1.219964, V2=-1.219964

-20.4837 , -1.54623e-18

W1=-0.615340, W2=-0.615340

-0.24185+j0.0631484

b= -0.003124 )

-0.24185 - j0.0631484

V1=-1.011869 ,V2=-1.011869

-20.0197

W1=-0.666871,W2=-0.666871

-1.98514e-07+j0.251948

b= -0.022854

-1.98514e-07- j0.251948

F.L.CO.=-4.076038e-01

0.0196604

V1= -0.972085 ,V2= -0.972085

-19.9379

W1= -0.666201, W2= -0.666201

-0.0620696

C= 0.120676 )

-1.67797e-06+j0.342841

F.L.CO =-2.238581e-02

-1.67797e-06-j 0.342841

( V1=-3.122400 ,V2=-3.122400

-19.9408

W1= -2.139885,W2= -2.139885

-0.0592185

d= 0.032276 )

3.75754e-07+j 0.246706

F.L.CO =1.676947e-02

3.75754e-07- j 0.246706

V1= -5.263442,V2= -5.263442

-19.3824 , -0.0593115

W1= -4.586791,W2= -4.586791

0.0593116 , 0.499018

d= 0.004640
Neutral saddle

45

L.P

V1=-14.999999 ,V2=-14.999999

-18.8537, -0.0594047

W1=-15.714284,W2=-15.714284

1.42329e-09 , 1.08686

d= -0.000212 , a=2.284915e-04
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Figure (5.22) Bifurcation diagram of F-N model against varying parameter (a1)

Figure (5.23) Bifurcation diagram of F-N model against varying parameter (b1)
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Figure (5.24) Bifurcation diagram of F-N model against varying parameter (c1)

Figure (5.25) Bifurcation diagram of F-N model against varying parameter (d1)
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5.4- Response of the membrane potential (v1) with respect to the variation of the
parameters.

Figure (5.26) Response of the membrane potential (v1) at positive change of
(a1=0.024906) the conductance of the synapse (g)=any value

Figure (5.27) Response of the membrane potential (v1) at negative change of
(a1=-0.024906) the conductance of the synapse (g)=any value

49

Figure (5.28) Response of the membrane potential (v1) at positive change of
(b1=0.022854) the conductance of the synapse (g)=any value

Figure (5.29) Response of the membrane potential (v1) at negative change of
(b=-0.022854) the conductance of the synapse (g)=any value
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Figure (5.30) Response of the membrane potential (v1) at positive change of
(c=0.120676) the conductance of the synapse (g)=any value

Figure (5.31) Response of the membrane potential (v1) at negative change of
(c=-0.120676) the conductance of the synapse (g)=any value
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Figure (5.32) Response of the membrane potential (v) at positive change of
(d=0.032276) the conductance of the synapse (g)=any value

Figure (5.33) Response of the membrane potential (v1) at negative change of
(d=-0.032276) the conductance of the synapse (g)=any value
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Figure (5.34) Response of the membrane potential (v1) at negative change of
(d=-0.000212) the conductance of the synapse (g)=any value
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CHAPTER 6
SIMULATION AND RESULTS OF
COUPLE OF FITZHUGH-NAGUMO MODEL

6.1- Linearization of Couple of F-N Model.
One will use Jacobian linearization method to get the linear form for a couple of
Fitzhugh-Nagumo model. The general form of nonlinear system is as shown below.

𝑋 = 𝑓(𝑥. 𝑢)

One can write this equation in another form
𝑋 = 𝐴𝑥 + 𝐵𝑢

where
𝜕𝑓

A=𝜕𝑉

𝜕𝑓

𝑥=𝑥 0

, B=𝜕𝑉

𝑢 =𝑢 0

the equations below represent two identical neurons connected by synapse(g). So that

a1=a2 , b1=b2 , c1=c2 , d1=d2.
𝑉1 = V1 − d1 ∗ (V1)^3 − W1 + g ∗ (V2 − V1) + i1
𝑊1=c1*V1+a1-b1*W1
𝑉2 = V2 − d1 ∗ (V2)^3 − W2 + g ∗ (V1 − V2) + i2
𝑊2 = c1 ∗ V2 + a1 − b1 ∗ W2
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By using the Jacobian method, we got the following

𝜕 𝑉1
𝜕𝑉 1
𝜕 𝑉1
𝜕𝑊1
𝜕𝑉 1
𝜕𝑉 2
𝜕 𝑉1
𝜕𝑊2
𝜕 𝑊1
𝜕𝑉 1
𝜕 𝑊1
𝜕𝑊 1
𝜕 𝑊1
𝜕𝑉 2
𝜕 𝑊1
𝜕𝑊 2

𝜕 𝑉2

= 1 − 3 ∗ 𝑑1 ∗ (𝑉1)2 − 𝑔

𝜕𝑉 1
𝜕𝑉 2

= −1

𝜕𝑊1
𝜕𝑉 2

=𝑔

𝜕𝑉 2
𝜕𝑉 2

=0

𝜕𝑊2

= 𝑐1

𝜕𝑊 2

= −𝑏1

𝜕𝑊 2

=0

𝜕𝑊 2

=0

𝜕𝑊 2

𝜕𝑉 1

𝜕𝑊1

𝜕𝑉 2

𝜕𝑊2

1  3 * d1 *Vˆ12  g

c1


g
𝐴= 
0





=𝑔
=0
= 1 − 3 ∗ 𝑑1 ∗ (𝑉1)2 − 𝑔
= −1
=0
=0
= 𝑐2
= −𝑏

1

g

0

 b1

0

0

0

2
1  3 * d1 *Vˆ1  g

1

0

c2

 b2

1
0

0
𝐵= 
0
0

0
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0
0
1

0
0

0











,

6.2- Washout Filter of Two F-N Model Using Projective Control Theory

The washout filter can be written for F-N model neuron as shown below.
𝑍 = 𝐴𝑤 𝑧 + 𝐵𝑤 𝑦
𝐼 = 𝐴𝑤 𝑧 + 𝐵𝑤 𝑦
Where the state of the washout filter is ZϵRP, and the measured output of the controlled
system (neuron) is (y) as scalar or vector and the output of the washout filter is I ϵ R.

From the membrane potential (V) one will take the feedback as input to the first order of
washout filter. Where our system included two neurons so one needs to merge two of the
first-order washout filter to get the second order washout filter as shown below.

𝜕
𝜕𝑡

 
 Z1  = 1 0 
0  
Z 
2

 2

 Z1 
 1
Z  +  0
 2


0
 2 

V1 
V 
 2

𝜕
𝜕𝑡

 y1 
1 0 
y  =  0  
2
 2


 Z1 
 1
Z  +  0
 2


0
 2 

V1 
V 
 2

For a stable system, one needs to be the value of  w < 0 and βw equal to the unity
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The augmented model
𝑥 = 𝐴𝑥 + 𝐵𝑢
𝑦 =𝐶∗𝑋

 Vˆ1 
1  3 * d1 *Vˆ12  g  1
g
0
0 0
 ˆ 


c1
 b1
0
0
0 0
W1 

2
𝜕  Vˆ 

g
0 1  3 * d1 *Vˆ1  g  1 0 0 
2
=


𝜕𝑡 Wˆ 
0
0
c2
 b2 0 0 
 2

Z 

1
0
0
0 1 0 
 1


0
0
2
0
0  2 

 Z 2 

1 0 
 Vˆ1 
0 0 
 ˆ 


W1 
0 1 
 Vˆ 

 2 + 
0 0 
Wˆ 2 
Z 
0 0 
 1


0 0
 Z 2 

 I1 
I 
 2

The output of the filter will represent as below. We substituted for identical neurons. 1
=  2 =1 and 1 =  2 = -1

𝜕
𝜕𝑡

𝜕
𝜕𝑡

 y1 
 1 0 0
y  =  0 0 
2

 2

0 1
0

0

 Vˆ1 
 ˆ 
 W1 
0   Vˆ2 
 
 2  Wˆ 2 
 Zˆ 
 1
 Zˆ 2

1 0 0 0  1 0 
 y1 
 y  = 0 0 1 0 0  1


 2
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 Vˆ1 
 ˆ 
 W1 
 Vˆ 
 2
Wˆ 2 
 Zˆ 
 1
ˆ
 Z 2

The parameters of the identical neurons:

Equilibrium point values are:

a1=a2 =0.08

V1=-1.536672692

b1=b2=0.056

V2=-1.536672692

c1=c2=0.064

W1=-0.3279627922

d1=d2=0.333

W2=-0.3279627922

1
0.55
0
0 0
 Vˆ1 
 1.9090
 ˆ 
 0.064
 0.056
0
0
0 0 
W1 

𝜕  Vˆ 
 0.55
0
 1.9090
1
0 0
2
= 

𝜕𝑡 Wˆ 
0
0.064
 0.056 0 0 
 2
 0
Z 
 1
0
0
0
1 0 
 1


0
1
0
0  1
 0
 Z 2 

 Vˆ1  1 0
 ˆ  

W1  0 0
 Vˆ  0 1
 2 + 

Wˆ 2  0 0
 Z  0 0 
 1 

 Z 2  0 0

 I1 
I 
 2

1
0.55
0
0 0
 1.9090
 0.064
 0.056
0
0
0 0 

0
 1.9090
1
0 0
𝐴 =  0.55


0
0.064
 0.056 0 0 
 0
 1
0
0
0
1 0 


0
1
0
0  1
 0

Eigenvalue:
-1.0000
-1.0000
-2.4321
-1.3079
-0.1071
-0.0829

When all eigenvalues of the system are negative so that the system is stable at the
equilibrium point.
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6.3- Results and Simulation Washout Filter of a couple of F-N Model.
Now one will illustrate the steps of the controller design. Then take the HOPF
bifurcation points from the tables (5.2) through (5.7) for each value of the synapse (g) in
chapter five.
Our system is shown below.

1  3 * d1 *Vˆ12  g

c1


g
𝐴= 
0





1

g

 b1

0

0
0

0

1  3 * d1 *Vˆ  g

1

0

c2

 b2

2
1

1
0

0
𝐵= 
0
0

0

0
0
1

0
0

0











,

The values of the variables in A matrix will change depending on the tables in chapter
five to get A matrix for each case. When one gets the A matrix it will work on the
control of each case through the next steps.
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𝑄 = 𝑇T ∗ 𝑇
The previous equation is useful when the system is SISO but with MIMO is not, so one
will use the coefficient matrices Q and R as (𝑄=q𝐼6×6, R=1 𝐼2×2) to implement the
(L.Q.R) state feedback reference design.

q
0

0
𝑄= 
0
0

0

0 0 0 0 0
q 0 0 0 0 
0 q 0 0 0

0 0 q 0 0
0 0 0 q 0

0 0 0 0 q 
𝑅=

1 0
0 1

One will use (Â−B̂K̂ 𝑓 ) to stabilize the eigenvalue by using the MATLAB command
𝐾𝑓 = lqr(A, B, Q, R) which will be used to realize the last equation.
From the washout filter, one will get two-dimension feedbacks through the projective
control law, and the member of returnable eigenvalues which is also equal to two. So,
one will select two eigenvalues and the projection eigenvector column which will be
chosen as the two corresponding eigenvalues. These eigenvalues and eigenvectors which
are selected must establish a stable result to be the two feedbacks. By using MATLAB
command, one will get the optimal control matrix.

>> 𝐾𝑓 = lqr(A, B, Q, R)

 k1
k 7

𝐾𝑓 = 

k2

k3

k4

k8

k9

k10 k11
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k5

k6 
k12 

Then from the next command will get the F matrix

>> 𝐹 = (A − B ∗ 𝐾𝑓 )
𝐹 = [A − B ∗ 𝐾𝑓 ]6∗6

From F matrix will get the eigenvectors (V) and the eigenvalues (D), by the MATLAB
command below.
>> [V, D]= eig (F)

𝑉 = 𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑣5 , 𝑣6

1
0

𝐷= 0

0
0

 0

0

0

0

0

2

0

0

0

0

3

0

0

0

0

4

0

0

0

0

5

0

0

0

0

0
0 
0

0
0

 6 

Now one can select any two eigenvalues but it must be the two eigenvalues which
have real and imaginary parts or the two have a real part only. Then, by the projection
theory, one will select the eigenvectors as 𝛹𝑟 matrix which consists of two columns and
six rows. Then substitute the eigenvectors, 𝐾𝑓 and C in the next equation to get 𝐾𝑜 .
𝐾𝑜 = 𝐾𝑓 ∗ 𝛹𝑟 (𝐶 ∗ 𝛹𝑟 )−1
After that, we will check if the 𝐾𝑜 make the system stable by using the equation below.

𝑋 = 𝐴 − 𝐵 ∗ 𝐾𝑜 ∗ 𝐶 ∗ 𝑋
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If all the eigenvalues of the previous equation are negative so the 𝐾𝑜 will be useful
to produce the output of the controller if the all eigenvalues are not negative. So, we
could assume a new q.

Then the output of the controller is
𝑦=𝐶∗𝑋
𝑢 = −𝐾𝑜 ∗ 𝑦

So
𝑢 = −𝐾° ∗ 𝐶 ∗ 𝑋

(57)

From the equation (57) one will get the current as the output of the controller which
is used as an input of the controlled system. All the previous procedure to control our
system will be done by the programs which are in Appendix of this study. First of all,
one will change the value of one of the parameters of the design program then substitute
the value of (g), and the values of (V1, V2, W1, W2) depending on the tables (5.2)
through (5.7). The result of the design program in the Appendix is 𝐾𝑜2∗2 matrix, this
matrix will be substituted into simulation program in the Appendix to get the system to
response with the controller.

For this study, we will need to choose six values from the synaptic conductor (g), (0.05,
0.3, 0.47, 0.55, 1, 10) to cover all the possible cases by using MATCONT.
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1- The 1st case when g= 0.05, in this case, there is no HOPF bifurcation.

2- The 2nd case when g= 0.3, we will exam HOPF bifurcations points in table (5.3):

1c1= 0.185909 Hopf V1=-0.586809, V2= -0.586809
W1=-0.519522, W2= -0.519522

𝐾𝑜 =

21.6817 0.2914
0.2914 21.6817

V1= -0.5868, W1=-0.5195, V2= -0.5868, W2=-0.5195, Z1=-0.5868, Z2=-0.5868.

2d1= 0.003726 Hopf V1=-5.547352, V2=-5.547352
W1= -4.911260, W2 -4.911260

𝐾𝑜 =

21.6829 0.2914
0.2914 21.6829

V1=-5.5466, W1=-4.9108, V2=-5.5466, W2=-4.9108, Z1=-5.5466, Z2 = -5.5466
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when (g)=0.3 , and parameter c1= 0.185909

Figure (6.1) controlled output of V1

Figure (6.2) controlled output of V2
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Figure (6.3) controlled output of W1

Figure (6.4) controlled output of W2
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when (g)=0.3 , and parameter d1=0.003726

Figure (6.5) controlled output of V1

Figure (6.6) controlled output of V2
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Figure (6.7) controlled output of W1

Figure (6.8) controlled output of W2
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3- The 3rd case when g= 0.47, we will exam HOPF bifurcations points in the table (5.4):

1a=0.000511

Hopf

V1= - 0.063257, V2=- 0.063257
W1=- 0.063172, w2=- 0.063172

21.8516 0.4601
0.4601
21.8516
V1 =-0.0639, W1 = -0.0642, V2 =-0.0639, W2 = -0.0642, Z1 = -0.0639, Z2=-0.0639
𝐾𝑜 =

2a=-0.000511

Hopf

V1= - 0.063274, V2=- 0.063274
W1=- 0.063190, w2=- 0.063190

𝐾𝑜 =

21.8516
0.4601

0.4601
21.8516

V1 =0.0639, W1 = 0.0642, V2 =0.0639, W2 =0.0642, Z1 =0.0639, Z2 = 0.0639

3c=0.120676

Hopf

V1= - 0.972084, V2=- 0.972084
W1=- 0.666201, w2=- 0.666201

𝐾𝑜 =

20.9502
0.4402

0.4402
20.9502

V1=-0.9720, W1=-0.6659, V2=-0.9720, W2= -0.6659, Z1= -0.9720, Z2=-0.9720
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4c=1.320206

Hopf

V1= - 0.063277, V2=- 0.063277
W1=- 0.063193, w2=- 0.063193

𝐾𝑜 =

21.8096
0.4600

0.4600
21.8096

V1 = -0.0633, W1 =-0.0632, V2 = -0.0633, W2 = -0.0632, Z1 =-0.0633, Z2 =-0.0633

5d=0.032275

Hopf

V1= -3.122405, V2=-3.122405
W1=-2.139892, w2=-2.139892

𝐾𝑜 =

20.9513
0.4402

0.4402
20.9513

V1 =-3.1224, W1 =-2.1399, V2 =-3.1224, W2 =-2.1399, Z1 = -3.1224, Z2 =-3.1224

6d=0.000014

Hopf

V1= -9.907529, V2= -9.907529
W1=-9.894319, w2=-9.894319

𝐾𝑜 =

21.8515
0.4601

0.4601
21.8515

V1= -9.9970, W1= -10.0470, V2=-9.9970, W2=-10.0470, Z1= -9.9997, Z2=-9.9997
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when g= 0.47 and a1=0.000511

Figure (6.9) controlled output of V1

Figure (6.10) controlled output of V2
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Figure (6,11) controlled output of W1

Figure (6.12) controlled output of W2
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when g= 0.47 and a1=-0.000511

Figure (6.13) controlled output of V1

Figure (6.14) controlled output of V2
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Figure (6.15) controlled output of W1

Figure (6.16) controlled output of W2
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when g= 0.47 and c1=0.120676

Figure (6.17) controlled output of V1

Figure (6.18) controlled output of V2
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Figure (6.19) controlled output of W1

Figure (6.20) controlled output of W2
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when g= 0.47 and c1=1.320206

Figure (6.21) controlled output of V1

Figure (6.22) controlled output of V2
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Figure (6.23) controlled output of W1

Figure (6.24) controlled output of W2
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when g= 0.47 and d1=0.032275

Figure (6.25) controlled output of V1

Figure (6.26) controlled output of V2
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Figure (6.27) controlled output of W1

Figure (6.28) controlled output of W2
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when g= 0.47 and d1=0.000014

Figure (6.29) controlled output of V1

Figure (6.30) controlled output of V2
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Figure (6.31) controlled output of W1

Figure (6.32) controlled output of W2
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4- The 4th case when g= 0.55, we will exam HOPF bifurcations points in the table (5.5):
1c1=0.120676

Hopf V1= - 0.972084, V2=- 0.972084
W1=- 0.666201, w2=- 0.666201

𝐾𝑜 =

20.8772
0.5132

0.5132
20.8772

V1=-0.9720, W1= -0.6659, V2= -0.9720, W2= -0.6659, Z1= -0.9720, Z2= -0.9720
2d1=0.032275

Hopf V1= - 3.122405, V2=- 3.122405
W1=- 2.139891, w2=- 2.139891

𝐾𝑜 =

20.8784
0.5132

0.5132
20.8784

V1=-3.1224, W1=-2.1399, V2= -3.1224, W2=-2.1399, Z1=-3.1224, Z2= -3.1224
3d1=0.009560

Hopf V1= - 4.379402, V2=- 4.379402
W1=- 3.576459, w2=- 3.576459

𝐾𝑜 =

21.2494
0.5229

0.5229
21.2494

V1 =-4.3794, W1 =-3.5764, V2 =-4.3794, W2 =-3.5764, Z1 =-4.3794, Z2 = -4.3794

4d1=0.000210

Hopf V1= - 15.723270, V2=- 15.723270
W1=- 16.540880, w2=- 16.540880

𝐾𝑜 =

31.2040
0.5432

0.5432
31.2040

V1=-13.0906, W1=-13.4741, V2=-13.0906, W2=-13.4741, Z1=-13.0880,Z2=-13.0880
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When g= 0.55 and c1=0.120676

Figure (6.33) controlled output of V1

Figure (6.34) controlled output of V2
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Figure (6.35) controlled output of W1

Figure (6.36) controlled output of W2
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when g= 0.55 and d1=0.032275

Figure (6.37) controlled output of V1

Figure (6.38) controlled output of V2
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Figure (6.39) controlled output of W1

Figure (6.40) controlled output of W2
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when g= 0.55 and d1=0.009560

Figure (6.41) controlled output of V1

Figure (6.42) controlled output of V2
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Figure (6.43) controlled output of W1

Figure (6.44) controlled output of W2
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When g= 0.55 and d1=0.000210

Figure (6.45) controlled output of V1

Figure (6.46) controlled output of V2
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Figure (6.47) controlled output of W1

Figure (6.48) controlled output of W2
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5- The 5th case when g= 1, we will exam HOPF bifurcations points in the table (5.6):
1c1=0.120676

Hopf V1= - 0.972084, V2=- 0.972084
W1=- 0.666201, w2=- 0.666201

𝐾𝑜 =

20.4773
0.9131

0.9131
20.4773

V1 =-0.9720, W1 =-0.6659, V2 =-0.9720, W2 = -0.6659, Z1 =-0.9720, Z2 =-0.9720

2d1=0.032275

Hopf V1= - 3.122405, V2=- 3.122405
W1=- 2.139891, w2=- 2.139891

𝐾𝑜 =

20.4784
0.9131

0.9131
20.4784

V1 =-3.1224, W1 =-2.1399, V2 =-3.1224, W2 =-2.1399, Z1 =-3.1224, Z2 =-3.1224
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When g= 1 and c1=0.120676

Figure (6.49) controlled output of V1

Figure (6.50) controlled output of V2
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Figure (6.51) controlled output of W1

Figure (6.52) controlled output of W2
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When g= 1 and d1=0.032275

Figure (6.53) controlled output of V1

Figure (6.54) controlled output of V2
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Figure (6.55) controlled output of W1

Figure (6.56) controlled output of W2
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6- The 6th case when g= 10, we will exam HOPF bifurcations points in the table (5.7):
1c1=0.120676

Hopf V1= - 0.972084, V2=- 0.972084
W1=- 0.666201, w2=- 0.666201

𝐾𝑜 =

15.5326
5.8578

5.8578
15.5326

V1 =-0.9720, W1 =-0.6659, V2 =-0.9720, W2 =-0.6659, Z1 =-0.9720, Z2 = -0.9720

2d1=0.032275

Hopf V1= - 3.122405, V2=- 3.122405
W1=- 2.139891, w2=- 2.139891

𝐾𝑜 =

15.5334
5.8582

5.8582
15.5334

V1 =-3.1224, W1 =-2.1399, V2 =-3.1224, W2 =-2.1399, Z1 =-3.1224, Z2 =-3.1224
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When g= 10 and c1=0.120676

Figure (6.57) controlled output of V1

Figure (6.58) controlled output of V2

97

Figure (6.59) controlled output of W1

Figure (6.60) controlled output of W2
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When g= 10 and d1=0.032275

Figure (6.61) controlled output of V1

Figure (6.62) controlled output of V2
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Figure (6.63) controlled output of W1

Figure (6.64) controlled output of W2
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CHAPTER 7
DISCUSSION AND CONCLUSION
During the above presentation, this study examined the theory of bifurcation control
of a couple of the Fitzhugh-Nagumo model neurons. It had studied this subject by using
the MATCONT program through MATLAB. Since this study deals with a pair of
neurons so it needed four equations to represent them and it has been assumed that our
system is MIMO. It worked to damp the oscillation that is happening because of the
change of the system parameters and this problem which had been solved by using a
second order of washout filter. The washout filter acts as a high pass filter it is more
useful than another control method because of it Passes the transient response of the
system and prevents passage steady-state part of it. So that this filter maintains the
natural balance of the physical properties of the system and keeps the membrane
potential at the natural level. It uses the projective control theory to support the design of
the washout filter. To make the work more accurate one would have to use the Linear
Quadratic Regulator (L.Q.R) approach to get the projective output feedback (Ko) which
processes the output of the washout filter. The methodological method of finding the
matrix gain control over the state feedback has made us prefer it in other ways. It also
seems to have been a satisfactory washout filter action in HOPF bifurcation cases. The
result is a stable closed loop with keeping the original balance levels of the neuron
membrane voltage. The goal of this study is to get a response to the system without
oscillation. therefore, this study was not interested in response of time.
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FUTURE WORK
When we analyzed the system of the neurons by using MATCONT to obtain the
equilibrium point and the bifurcation points. We used a specific value for neuronal
parameters. Therefore, we recommend a new study to feed other values of the neurons
parameters to the controller program that we designed. and assume in the new study the
neurons are not identical.
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APPENDIX
Design Program
close all;
clear
clc
a=0.08;
b=0.056;
c=0.064;
d=0.333;
g= g value;
v1=V1;
w1=W1;

//as in the tables from (5.2) to (5.7).//

v2=V2;
w2=W2;

A=[[ - 3*d*v1^2 - g + 1,

-1,

g,

0]

0,

0]

[

c,

-b,

[

g,

0,

[

0,

0,

- 3*d*v2^2 - g + 1,
c,

B=[[1,0]
[0,0]
[0,1]
[0,0]];

Aw= [A zeros(4,2);1 0 0 0 -1 0;0 0 1 0 0 -1];
Bw= [B;0 0;0 0];
Hw= [1 0 0 0 -1 0;0 0 1 0 0 -1];
q=q value;
Q=q*eye (6);
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-1]
-b]];

R=eye (2);

Kf= lqr (Aw,Bw,Q,R);
Ac=Aw-Bw*Kf;
Pc=eig (Ac);
[Ps,Is]=esort(Pc);
[Vc,Dc]=eig(Ac);
Vs=Vc(:,Is);
Ds=Dc(Is,Is);
Xr=Vs(:,5:6);
Ko=Kf*Xr*inv(Hw*Xr);
Fo=Aw-Bw*Ko*Hw;
Po=eig(Fo);
Pos=esort(Po);
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Simulation Program
close all;
clear
clc
a=0.08;
b=0.056;
c=0.064;
d=0.333;
g= g value;

V1=0;
W1=0;
V2=0;
W2=0;
Z1=0;
Z2=0;
Tf=300;
dt=0.001;
Nf=Tf/dt+1;
ta=0:dt:Tf;
Ko=[

K1

K2

K3

K4];

for i=1:Nf
t=(i-1) * dt;
ta(i)=t;
u=-Ko*[-Z1+V1; -Z2+Z2];
u1=u(1);
u2=u(2);
V1dot=V1-d*(V1^3)-W1+g*(V2-V1 ) +u1;
W1dot=c*V1+a-b*W1;
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V2dot=V2-d*(V2^3)-W2+g*(V1-V2) + u2;
W2dot=c*V2+a-b*W2;
Z1dot=-Z1+V1;
Z2dot=-Z2+V2;
V1=V1+V1dot*dt
W1=W1+W1dot*dt
V2=V2+V2dot*dt
W2=W2+W2dot*dt
Z1=Z1+Z1dot*dt
Z2=Z2+Z2dot*dt
V1a(i)=V1;
V2a(i)=V2;
W1a(i)=W1;
W2a(i)=W2;
Z1a(i)=Z1;
Z2a(i)=Z2;
Y1=-Z1+V1;
Y2=-Z2+V2;
end

plot(ta,V1a);
grid on
xlabel('time(s)');
ylabel('V1(t)');
title('The variation of V1');figure;
plot(ta,W1a);
grid on
xlabel('time(s)');
ylabel('W1(t)');
title('The variation of W1');figure;
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plot(ta,V2a);
grid on
xlabel('time(s)');
ylabel('V2(t)');
title('The variation of V2');figure;
plot(ta,W2a);
grid on
xlabel('time(s)');
ylabel('W2(t)');
title ('The variation of W2'); figure;
plot(ta, Z1a);
grid on
xlabel('time(s)');
ylabel('Z1(t)');
title ('The variation of Z1'); figure;
plot(ta, Z2a);
grid on
xlabel('time(s)');
ylabel('Z2(t)');
title ('The variation of Z2');
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