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ABSTRACT
CONTROL OF BIFURCATIONS IN THE FITZHUGH-NAGUMO NERVE
CELL DYNAMICS

Ihnish, Hamza
M.S., Electrical and Electronics Engineering Department
Supervisor: Assoc.Prof.Dr. Reşat Özgür DORUK
2017, 65 pages

A theoretical bifurcation control strategy is presented for a single Fitzhugh- Nagumo (FN)
type neuron. The bifurcation conditions are tracked for varying parameters of the individual
FN neurons. A MATLAB package called as MATCONT is utilized for this purpose and all
parameters

of

the

neuron

is

analyzed

one-by-one.

Analysis

by

MATCONT revealed five Hopf (H) and one Limit-Point/Saddle Point (LP) bifurcation. In
the control of bifurcations two different approaches are studied. The first one is a full state
feedback technique based on the approach of servo control by pole placement. The other one
employs a washout filter and an output feedback concept is utilized to process the outputs of
the washout filter. In this research, the output feedback technique will be based on linear
quadratic projective control theory. Washout filters designed as a first order one that filters
only membrane potential and second order one that filters both membrane potential and
recovery variable. As washout filters are naturally high-pass systems thay block the steady
states inputs so that the original equilibrium points do not change. This phenomenon will
especially be noted in Hopf Bifurcation cases. In addition to those first order washout filter
which is also physically applicable (due to a single feedback from membrane potential)
appeared to be more advantageous than the second order version.
.
Keywords: Fitzhugh-Nagumo Neurons, Bifurcation, Washout Filter, Projective Control,
Pole Placement
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ÖZ
FITZHUGH-NAGUMO NÖRON DİNAMİĞİ İÇİN ÇATALLANMA
DENETLEYİCİSİ TASARIMLARI

Ihnish, Hamza
Y.Lisans, Elektrik ve Elektronik Mühendisliği
Tez Danışmanı: Doç.Dr. Reşat Özgür DORUK
2017, 65 Sayfa
Bu çalışmada tekil Fitzhugh-Nagumo (FN) nöron modelleri için teorik bir çatallanma
denetim çalışması sunulmaktadır. Değişmekte olan parametreler için çatallanma analizleri
MATLAB üzerinde çalışan MATCONT uygulaması ile yapılmıştır. Söz konusu analizde 5
Hopf (H) ve 1 adette Sınır Noktası/Eyer Düğümü (LP) olgusuna rastlanmıştır. Hopf tipi
çatallanmalar izdüşümsel denetim ile desteklenmiş arındırma süzgeçleri kullanılarak
sağlanmıştır. Arındırma süzgeçleri birinci ve ikinci derece olarak uygulanmıştır. Birinci
derece süzgeç ikinci dereceye göre daha avantajlı olduğu anlaşılmıştır. Birinci derece süzgeç
hem daha uygulanabilir olmakta hem de daha hızlı davranmaktadır. LP türü çatallanmalar
için derecesinden bağımsız olarak arındırma süzgecinden yapılan çıktı geri beslemesi
başarılı olamamakta ve denge noktaları korunamamaktadır. Karşılaştıma amacıyla ayrıca
kutup yerleştirme yöntemine dayalı tam hal geri beslemeli bir uygulama da gösterilmektedir.
Kutup yerleştirmeye dayalı yöntemlerde denge noktalarının orjinal değerlerinde kalması
beklenmemektedir. Bu nedenle arındırma süzgeçleri tercih edilirler. Yapılan tüm tasarımlar
sayısal benzetimler aracılığıyla sınanmışlardır.
Anahtar Kelimeler: :

Fitzhugh-Nagumo Nöronları, Çatallanma, Arındırma Süzgeci,

İzdüşümsel Denetim, Kutup Yerleştirme

iv

To My Parents

v

ACKNOWLEDGMENTS

I express sincere appreciation to my supervisor Assoc. Prof. Dr. Reşat Özgür Doruk for their
guidance and insight throughout the research. And to my family, I offer my sincerest thanks
for their continuous support and patience during this period.

vi

TABLE OF CONTENTS

ABSTRACT ....................................................................................................................... iii
OZ .....................................................................................................................................iv
ACKNOWLEDGMENTS ...................................................................................................vi
TABLE OF CONTENTS ................................................................................................... vii
LIST OF TABLES ............................................................................................................... x
LIST OF FIGURES .............................................................................................................xi
LIST OF ABBREVIATIONS............................................................................................. xvi
CHAPTER
1. INTRODUCTION ......................................................................................................1
1.1- Statement of the Problem ...............................................................................1
1.2 -Scope and Outline of the Thesis .....................................................................3
2. LITERATURE SURVEY .............................................................................................4
3. THEORY OF BIFURCATION ....................................................................................6
3.1- Introduction............ ................................................................................................6
3.2-Non linear dynamic system......................................................................................6
3.3 -Equilibrium Points Aand Linearizations ................................................................7
3.4- Linearizations............................. ............................................................................8

vii

3.5 -Stability And Bifurcation Theory..........................................................................9
3.5.1- Bifurcation Theory..........................................................................................9

3.5.2 - Local Bifurcation Of Equilibrium Points.................................................10
4. POLE PLACEMENT CONTROL THEORY................................................................13
4.1 - Pole Placement Control Theory..........................................................................13

4.2 Design Of Servo System .........................................................................................13

4.3- Quadratic Optimal Regulator System...................................................................16
4.4 –Output Feedback UsingProjective Cntrol Theory .................................................29

4.5- Washout Filter Theory............................................................................................21
5. FITZHUGH-NAGUMO MODEL....................................................................................23
5.1- Fitzhugh-Nagumo Model......................................................................................23

5.2- Bifurcation Analysis Result Of Fitzhugh-Nagumo Model.................................24
6. RESULT AND SIMULATING FITZHUGH-NAGUMO MODEL………….…………31

6.1- Linearazition Of Fitzhugh-Nagumo Model...........................................................31
6.2- Result And Simulating Full State Feedback Fitzhug-Nagumo Momel..................32
6.3- Washout Filter Of Feedback Fitzhug-Nagumo Model Using Projective
Control ...........................................................................................................................41
6-3-1: First Order Washout Filter.........................................................................41

viii

6.3.2- Result And Simulating First Order Washout Filter Fitzhug-Nagumo Model...42
6-3-1: Scond Order Washout Filter.......................................................................51
6.3.2- Result And Simulating second Order Washout Filter Fitzhug-Nagumo
Momel ………….………………………………………………………..52
7. CONCLUSIONS ...........................................................................................................61
REFERENCES ..................................................................................................................61

ix

LIST OF TABLES

TABLE
1.Table (5.1): Bifurcation analysis results for the Fitzhugh-Nagumo model obtained from
MATCONT software for case{1,1}…………………………………………………..........25
2. Table (5.2) :Bifurcation analysis results for the Fitzhugh-Nagumo model obtained from
MATCONT software for case {3,4}.....................................................................................26
3-Table (5.2) :Bifurcation analysis results for the Fitzhugh-Nagumo model obtained from
MATCONT software for case {5,6}.....................................................................................26
3. Table (6-1) :Show numerical result of the bifurcation control by full state feedback of the
F-N model.............................................................................................................................34
4.Table(6.2) : Numerical results of the bifurcation control by first order washout F-N
model.....................................................................................................................................44
5.Table(6.3):Numerical results of the bifurcation control by second order washout F-N
model.....................................................................................................................................55

x

LIST OF FIGURES
FIGURES
3.1 The saddle-node bifurcation phenomenon....................................................................11
3.2 The bifurcation diagram for a Hopf bifurcation: (a) supercritical and (b) subcritical....12
4.1 Type 1 servo system …………………………………………………………………..14
4.2 Quadratic Optimal Regulator Systems………………………………………………..17
5.1 the open loop response Fitzhugh-Nagumo model without external current……….…24
5.2 Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter(A)……....27
5.3 Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter(B)............27
5.4 Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter(C)............27
5.5 Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter(D)............28
5.6 Response of the membrane potential (v) under the bifurcated case (1) from table (1)....28
5.7 Response of the membrane potential (v) under the bifurcated case (2) from table (1)
Subcritical Hopf’ First order Lyapunov coefficient’’............................................................28
5.8 Response of the membrane potential (v) under the bifurcated case (3) from table (2)
Supercritical Hopf’ First order Lyapunov coefficient’’…………………………………….29
5.9 Response of the membrane potential (v) under the bifurcated case (4) from table (2)…29
5.10 Response of the membrane potential (v) under the bifurcated case (5) from table(3)...29
6.1 Design control Fitzhugh- Nagumo model in state feedback……………………..…….32
6.2 Variation of control signal (u) of F-N model under the bifurcated case (1)…………..35

xi

6.3 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(1)…………………………………………………………………...…………………35
6.4 Closed loop response of recovery variable (w) of F-N under the bifurcated case(1)..35
6.5 Variation of control signal (u) of F-N model under the bifurcated case (2)……….…36
6.6 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(2)…………………………………...…………………………………………………36
6.7 Closed loop response of recovery variable (w) of F-N under the bifurcated case (2).36
6.8 Variation of control signal (u) of F-N model under the bifurcated case (3)…………..37
6.9 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(3)……………………………………………………………………………………...37
6.10 Closed loop response of recovery variable (w) of F-N under the bifurcated case (3).37
6.11 Variation of control signal (u) of F-N model under the bifurcated case (4)………...38
6.12 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(4)………………………………………………………………………………………38
6.13 Closed loop response of recovery variable (w) of F-N under the bifurcated case (4)...38
6.14 Variation of control signal (u) of F-N model under the bifurcated case (5)…………39
6.15 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(5)…………………………………………………………………..…………………..39
6.16 Closed loop response of recovery variable(w) of F-N under the bifurcated case(5)....39
6.17 Variation of control signal (u) of F-N model under the bifurcated case (6)…………40
6.18 Closed loop response of the membrane potential (v) for F-N under the bifurcated
case(6)……………………………………………………………………………..…………40

xii

6.19 Closed loop response of recovery variable (w) of F-N under the bifurcated case(6)….40
6.20 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (1)………………………………...…………………….………………45
6.21 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (1)…………………………………………...….....45
6.22 Response of recovery variable (w) of F-N model controlled by first order washout filter
under the bifurcated case (1)……………………………………………………...………....45
6.23 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (2)………………………………...…………………………...……..…46
6.24 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (2)………………………………………….....…..46
6.25 Response of recovery variable (w) of F-N model controlled by first order washout filter
under the bifurcated case (2)………………………………...……………………….….….46
6.26 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (3)………………………………...……………………………...…..…47
6.27 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (3)…………………………………….……....…..47
6.28 Response of recovery variable (w) of F-N model controlled by first order washout filter
under the bifurcated case (3)………………...…………………………………………..….47
6.29 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (4)………………………………...……………………………….…...48
6.30 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (4)…………………………………………..….....48
6.31 Response of recovery variable (w) of F-N model controlled by first order washout filter
under the bifurcated case (4)……...……………………………………………………......48
xiii

6.32 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (5)………………………………...………………………………...…49
6.33 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (5)……………………………………….…...…..49
6.34 Response of recovery variable (w) of F-N model controlled by first order washout
filter under the bifurcated case (5)……...………………………………………………….49
6.35 Variation of the control signal (u) of F-N model controlled by first order washout under
the bifurcated case (6)………………………………...………………………………...…50
6.36 Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (6)…………………………………………...…..50
6.37 Response of recovery variable (w) of F-N model controlled by first order washout
filter under the bifurcated case (6)…...…………………………………………………….50
6.38 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (1)………………………………………………………………55
6.39 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (1)…………………,……………………………55
6. 40 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (1)………………………………...………………………55
6.41 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (2)………………………………………………………………56
6.42 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (2)…………………,……………………………56
6. 43 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (2)………………………………...………………………56

xiv

6.44 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (3)………………………………………………………………57
6.45 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (3)…………………,……………………………57
6. 46 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (3)………………………………...………………………57
6.47 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (4)………………………………………………………………58
6.48 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (4)…………………,……………………………58
6. 49 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (4)………………………………...………………………58
6.50 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (5)………………………………………………………………59
6.51 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (5)…………………,……………………………59
6. 52 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (5)………………………………...………………………59
6.53 Variation of control signal (u) of F-N model controlled by second order washout filter
under the bifurcated case (6)………………………………………………………………60
6.54 Response of the membrane potential (v) for F-N model controlled by second order
washout filter under the bifurcated case (6)…………………,……………………………60
6. 55 Response of recovery variable (w) of F-N model controlled by second order washout
filter under the bifurcated case (6)………………………………...………………………60

xv

LIST OF SYMBOLS

𝑥

state vector

u

input of system or control signal

y

output of system

𝑡

time

n

order of system

𝐴

input matrix in the state space representation of dynamic system

𝐵

input matrix in the state space representation of dynamic system

𝐶

output matrix in the state space representation of dynamic system

𝑟

reference input signal in the control system

𝜉

Output of the integrator of control error (between feedback and reference signal)

𝐺𝑝 (𝑠) transfer function of system in S plane
𝐴̂

augmented state space system matrices

𝐵̂

augmented state space system matrices

e

error vector between feedback signal and reference signal

k̂

the full state-feedback gain matrix

Q

quadratic weight matrix

R

quadratic weight matrices

xvi

CHAPTER 1

.INTRODUCTION
Automatic control theory plays a very important role in the progress and
development of other sciences,

such as electrical engineering,

Biomedical

engineering and chemical engineering. In our brains there are a large number of a
complex nerve cells which connected to each other by synapses, Where the nerves in
the human brain the attention of many researchers to try to understand their
activities and how to understand the dynamics of their work .

The nerves have electro-chemical mechanisms (i.e. the electrochemical gradients)
within them that result in different concentration of sodium (Na+). and potassium
(K+) ions. These mechanisms lead to concentration gradients and flow of ions
generate small currents that also lead to small membrane potentials. In 1950 by two
researchers ( Hodgkin and Huxley ) [1] started to examine the squid giant axons.
This is a fourth order nonlinear differential equation and it is extremely complex.
After that simplification studies started (Fitzhugh-Nagumo ) model [2] simplified
and reduced the original equations of (Hodgkin and Huxley) form fourth to second
order. The model consists of the dynamics of membrane potential and a recovery
variable which combines the dynamics of the channel activations and in activations.
When we inject the Fitzhugh-Nagumo model by external current model a wealthy
set of bifurcations, these Bifurcations may be critical in a biological neuron model.
Where there are some diseases such as Parkinson’s [30 ], epilepsy [ 31] and
schizophrenia [ 32, 33] may be connected to the instabilities in the nervous system,
that is why controlling bifurcations might be beneficial.

Analysis of local bifurcation is a significant branch of nonlinear dynamic system
theory where the variation of the equilibrium point of the nonlinear system because
of deviation of a single parameter. The Hopf type bifurcation where the equilibrium
point collapses its stability as a result of a single pair of purely complex conjugate
eigenvalues emerging from a parameter change. There is another
1

type of a

bifurcation , it’s called saddle node or limit point . This occurs when converge two
equilibria collided to each other. The collision leads to vanishing of equilibrium.

There are several ways to control a bifurcation, some of the methodologies
addressing this issue can be state feedback, output feedback , such as a washout
filter [20, 21], and delayed feedback [ 23 ]. The pole placement technique is one of
the most famous method in a classical control theory, in addition it has many
advantages in the design control such as achieve stability of system by choose the
desired pole, simplest in implementation and low cost. The main idea in the pole
placement is how to control variables in the close loop feedback system, which
variables come from output feedback through the controller of the plant, the output
of washout filter combine with Fitzhugh-Nagumo model using as output of feedback
Where the controller of the plant using the projective control approach this approach
required applied in linear quadratic regulator a full state feedback

2

1.1 Aim and Scope
In this work we will discuss how to design and control the bifurcation in FitzhughNagumo non-linear model,

using pole placement technique linear quadratic

regulator and projective control theory. Application and analysis will be done in
MATLAB / Simulink environment .

1.2 Layout of the Dissertation
Chapter 2 is the literature survey, which introduces some of the works that has been
done on design, and control some of biological neural model. This chapter will also
provide some background on the Fitzhugh- Nagumo model. Chapter 3 includes
theory and types of bifurcations, in addition to the relationship between the
bifurcations and stability in nonlinear dynamic system. In Chapter 4 theory of
control including pole placement, linear quadratic regulator,

projective control

and washout filter are described. Chapter 5 is about the mathematics of the
Fitzhugh-Nagumo model and, its bifurcation analysis by MATCONT. In chapter
6 implementation and results full state feedback of washout filter-Fitzhugh-Nagumo
using projective control.

3

CHAPTER 2
LITERATURE SURVEY

2.1- LITERATURE SURVEY
Modeling biological neurons by differential equations is a popular subject of
research in the last two decades. The Nobel prize winner Hodgkin-Huxley (HH)
model [1] is a result of a voltage-clamp based research on the squid giant axon. This
is a quite nonlinear and computationally complex neuron model but it is important
due to its ability to describe the behavior of a realistic neuron. In order to simplify
the models certain attempts are made. [2] and [3] are some related well known
examples. These are reduced order models. The Fitzhugh-Nagumo model described
in [2] is somehow different in appearance as it does not refer to any physical terms
other than the membrane potential. The behavior of ion channels are merged into a
single recovery variable. In this view, it can be compared to a continuous time
recurrent neural network. Although it is mathematically different, it does have a set
of bifurcations like the other two ([1] and [3]). There are numerous studies that are
concentrated on analysis of bifurcations in Fitzhugh-Nagumo neurons. Some related
works can be given as [4, 5, 6, 7, 8, 9, 10]. According to these sources, the main
bifurcation condition seen in Fitzhugh-Nagumo type neurons is the single parameter
Andronov-Hopf (or simply Hopf) bifurcation [11, 12, 13, 14, 15]. Basically, this is a
situation where a limit cycle erupts from an equilibrium point of a dynamical system
due to the change in its stability through a pair of complex conjugate eigenvalues.
This event detected when a parameter change occurs which yields pure complex
conjugate eigenvalues. In addition the stability of the resultant limit cycle
determines the criticality of the Hopf bifurcation. If it is a supercritical Hopf
bifurcation, one has a stable limit cycle where as there will be an unstable limit cycle
in case of a subcritical Hopf bifurcation. Another type of a bifurcation that occurs in
FN models is the Saddle Node or Limit Point bifurcation [11, 16, 17]. This is the
vanishing of an equilibrium point due to the collision of two equilibria in a
dynamical system. The parameter change that leads to this situation results in a
4

single zero eigenvalue in the Jacobian of the system. Bifurcations can be harmful in
physical systems due to instability or high-amplitude oscillations. Thus, controlling
a bifurcation is beneficial. Control of a bifurcation [18] can be performed by various
methods. These can be a regular control system like a linear quadratic regulator [19],
a washout filters [20, 21] or a local feedback [22]. There are some advanced
techniques such as delayed feedback [23] are also seen in the literature. Control of
Fitzhugh-Nagumo models are met in the neuroscience and nonlinear systems
literature. Some related studies focusing on this are [24, 25, 26, 27, 28, 10, 29]. Most
of these studies are related to chaotic synchronization or controlling of the chaos
phenomenon itself. In this research, we will concentrate on a pure bifurcation
control study. The controllers are mainly based on washout filter theory [20, 21] and
designed through output feedback approaches. Using output feedback approaches
are quite beneficial as the feedback from the output of the washout filter can be
thought of an ‘output feedback’ from the combined dynamics of the washout filter
and FN neuron. The washout filter is naturally a high-pass filter that blocks the
steady state and only allows transient portion of the signals. It is expected that
washout filter helps keeping the original equilibrium points of the controlled
dynamical system .This is beneficial concerning the neurological dimension of the
study because the membrane potential will not be shifted. This might be beneficial
when studying neuromuscular junction as contraction of the muscle has a strong
dependence on membrane potential
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CHAPTER 3
THEORY OF BIFURCATION

3.1- INTRODUCTION
The Bifurcation analysis of biological dynamic systems is an important topic of
research in theoretical physics and engineering. Because of that, strong software
packages such as MATCONT, have been developed to analyze bifurcations in a
non-linear dynamical system. Bifurcations in

biological models are related to

specific changes in the characteristics of the equilibrium points. In the analysis, the
number of equilibrium points is equal the number of state variables. Control
systems, which are essentially dynamical systems, have also been studied with a
dynamical system point of view the goal of understanding nonlinear phenomena.

3.2- NONLINEAR DYNAMIC SYSTEM

Most of the differential equations modeling real life processes are nonlinear
differential equations. A group of examples are the biological models which are
pairly complicated non linear differential equations that can partially be analyzed by
linear approximation to determine their stability. We can represent a general
nonlinear system as shown below :

𝑥 ′ = 𝑓(𝑥, 𝑢, 𝑡)

(3.1)

y = g(x, u, t)

(3,2)

Where
x:- state vector n× 1 {𝑅 𝑛 }
u:- input or control signal m× 1 {Rm }
y:- output p× 1 {𝑅 𝑝 }

6

n:- is order of system
If we have an autonomous nonlinear system with no input:
x ′ = f(x, t)

(3.3)

y = g(x, t)

(3.4)

3.3- EQUILIBIUM POINTS AND LINEARIZATION

We have a nonlinear system as shown in equation (3.1) that was:
𝑥 ′ = 𝑓(𝑥, 𝑢)
We do not consider explicitly time varying models here so ′ t ′ is dropped.
Where 𝑥 ∈ 𝑅 𝑛 , 𝑢 ∈ 𝑅 𝑚 . Equilibrium point ( or steady state) is the value at which
the state vector 𝑥 ∈ 𝑅 𝑛 stay costant .this means that, the value of 𝑥 and 𝑢 which
makes 𝑥 ′ = 𝑓(𝑥, 𝑢) = 0 will be the equilibrium points. one can denote these
values as 𝑥 = 𝑥0 and 𝑢 = 𝑢0 . So if the following is satisfied
𝑓( 𝑥0 , 𝑢0 )=0

then 𝑥0 ∈ 𝑅 𝑛 and 𝑢0 ∈ 𝑅 𝑚 are termed as the equilibruim points.
𝑥(𝑡0 ) =x=( 𝑥0 , 𝑢0 )
𝑢(𝑡) = 𝑢=( 𝑥0 , 𝑢0 )

for all value time

𝑡 ≥ 𝑡0

Stability of the equilibrium points are critical. A stable equilibrium point can
qualitativaly described as the followig. Concider the following autonomous system.
𝑥 ′ = 𝑓(𝑥)
With 𝑥0 being equilibrium point. Starting from any initial condition 𝑥(𝑡0 ), if the
solution 𝑥(𝑡) of the above system converges to 𝑥0 ,

one can cenclude that the

equilibrium poin is stable. Unstable equilibrium points can not be detected just by
inspection. For that reseans it is called as equilibrium point.
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3.4 - LINEARIZATION
Most of the differential eqautions govering real life processes are nonlinear .Their
analysis might be difficult depending on the case. Researchers often develop
methods for making their analysis simpler. One such approach is linearization which
is based on Tayler series expansion. Now concider the following nonlinear system in
its most generic form:𝑥̇ (𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡))

(3.5)

Her we can assume that ( 𝑥0 , 𝑢0 ) is an equilibrium point, that is 𝑓(𝑥0 , 𝑢0 ) = 0.
Using Tayler Series ,one can expand the functions 𝑓(𝑥, 𝑢) around (𝑥0 , 𝑢0 ) as
shown below .
𝑓(𝑥, 𝑢) ≅ 𝑓(𝑥0 , 𝑢0 ) +

𝛿𝑓
𝛿𝑓
(𝑥0 , 𝑢0 ). (𝑥 − 𝑥0 ) +
(𝑥 , 𝑢 ). (𝑢 − 𝑢0 ) + 𝐻. 𝑂. 𝑇
𝛿𝑥
𝛿𝑢 0 0

Where H.O.T are Higher order terms in Tayler Series expansion. İf naglect H.O.T
then the abone equation will represent approximate behaviour of the nonlinear
system in (3.5) in the vicinity of (𝑥0 , 𝑢0 )
Note :𝜕𝑓

𝜕𝑓

𝜕𝑓

𝑥̇ (𝑡) = 𝑓(𝑥) = 𝑓(𝑥0 ) + 𝜕𝑥 (𝑥 − 𝑥0 ) = 𝜕𝑥 (𝑥 − 𝑥0 ) = 𝜕𝑥 𝛿𝑥
where

𝑓(𝑥0 ) = 0 ,
𝛿𝑥 = 𝑥 − 𝑥0 → the variation of the trajectories around 𝑥0
𝛿𝑥̇ =𝑥̇ − 𝑥0̇ = 𝑥̇ , 𝑥0 → is a constant {equilibrium}
𝑥̇ (𝑡) = 𝑓(𝑥0 , 𝑢0 ) +

𝜕𝑓
𝜕𝑓
(𝑥0 , 𝑢0 ). (𝑥 − 𝑥0 ) +
(𝑥 , 𝑢 ). (𝑢 − 𝑢0 )
𝜕𝑥
𝜕𝑢 0 0

We know (𝑥0 , 𝑢0 ) is the equilibirum point then 𝑓(𝑥0 , 𝑢0 ) = 0.
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𝛿𝑥̇ (𝑡) =

𝜕𝑓
𝜕𝑓
(𝑥0 , 𝑢0 ). (𝑥 − 𝑥0 ) +
(𝑥 , 𝑢 ). (𝑢 − 𝑢0 )
𝜕𝑥
𝜕𝑢 0 0

The above will form alinear system as shown

[𝑥̇ (𝑡)]

𝜕𝑓

𝜕𝑓

= [𝜕𝑥 (𝑥0 , 𝑢0 )

𝜕𝑢

(𝑥0 , 𝑢0 ) ] [𝛿𝑥 ]
𝛿𝑢

= 𝐴(𝑥 − 𝑥0 )+𝐵(𝑢 − 𝑢0 )
Where

∂f

∂f

𝐴 = ∂x , 𝐵 = ∂u

The A and B matrices are called as Jacobian matrices of at (𝑥0 , 𝑢0 ).
We can find the eigenvalues of the Jacobian matrix A. It is determined by the fate
of the solutions nearly equilibrium points as the following :-

-

The orginal system in equation (3.5) has a locally stable equilibrium point

(𝑥0 , 𝑢0 ) if eigenvalues of its Jacobian matrix at (𝑥0 , 𝑢0 ) have negative real parts.

-The

orginal system in equation (3.5) has a locally unstable equilibrium point

(x0 , u0 ) if at least one eigenvalue of its Jacobian matrix is at the right hand side of
the complex plane

3.5- STABILITY AND BIFURCATION THEORY
The basic aidea of equilibrium point and stability are motivated by the desire to keep
a dynamical system in, or at least close to, a desirable state. The term equilibrium or
equilibrium point of a dynamical system, provided that it is stable , means that the
state of the system that does not change in the course of time i.e. if the system is in
an equilibrium at time 𝑡0 , then it will stay there for all times 𝑡 ≥ 𝑡0 .

3.5.1 BIFURCATION THEORY
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The bifurcation is a french word that was introduced to the nonlinear dynamic a
system theory (Poincare). Bifurcation theory is a very deep and sophisticated field
covering intensive research in several scientific disciplines. It is used to refer to a
qualitative change in the characteristics of the solution of a dynamical system due to
a change a parameter of the dynamical system. The bifurcation theory is studied
with how the multiplicity of solutions changes with the parameter and the stability
charactirestic of the bifurcating solutions.

3.5.2 - LOCAL BIFURCATIONS OF EQUILIBRIUM POINTS
There are two main types of bifurcations which globle and local bifurcations and
global bifurcations resprctivaly. Local bifurcations might be more interesting in
engineering problems.In this work, we will concentrate on local bifurcations. The
classification of

Bifurcations

varies with the stability characteristics

of the

equilibrium solution. Two widely met bifurcation conditions are as follows. An
eigenvalue of the system linearized about equilibrium solution can pass through
zero, or a pair of non-zero eigenvalues may cross the imaginary axis. The first case
corresponds to a saddle-node or tangent bifurcation and (Limit point) describes the
vanishing of two equilibria through collision (like a stable node coinciding with a
saddle point and annihilating it). On the other hand, when manifolds associated with
different equilibria intersect, an exchange of stability occurs—this corresponds to a
transcritical bifurcation or pitchfork bifurcation.The second case corresponds to the
so-called Hopf bifurcation (Hopf 1942) and describes the birth of a family of
periodic orbits (limit cycle) following the change in stability of a focus.

1-The saddle-node bifurcation (dimension one)
We start with this type of bifurcations .This phenomenon accure ,when variation of
parameter leads to the disappreance of two equilibrium points, through their
collision the simplest form of saddle-node bifurcation is expressed by its normal
form as shown below.
𝑥̇ = 𝑟 + x 2
The three cases of r < 0, r = 0 and r > 0 give different solutions of (3.6) above
10

(3.6)

𝑥̇ = 𝑟 + 𝑥 2 = 0
𝑥 2 = −𝑟
𝑥 = ±𝑗√𝑟

Figure 3. 1 The Saddle-Node Bifurcation phenomenon

r < 0 two equilibrium at 𝑥 = ±𝑗√𝑟

r=0

r>0

two are types from saddle-node bifurcation such as :1-One dimensional saddle-node bifurcation
As given by the above example
2- Limit point Bifurcation

2-The Hopf bifurcations (dimension two)
The Hopf bifurcation is named after Eberhard Hopf, who developed the relevant
theory [35] on it, upon the earlier work by Henri Poincare and by Aleksandr
Andronov, who analyzed the bifurcation in the 2D plane. This is

a different

phenomenon that occurs when a family periodic solution or limit cycle erupts
from an equilibrium point, in two-dimensional system. When N > 1, a pair of
complex conjugate eigenvalues can pass through the imaginary axis while 𝐹𝑋 (the number
of

eigenvalues )

stays invertible .In the dynamical systems literature, this

phenomenon is officially called as Andronov-Hopf

bifurcation . But generally

referred to as Hopf bifurcation for the same of simplicity. The basic characteristics
of a Hopf bifurcation is determined by its critically of Hopf bifurcation . A Hopf
bifurcation can either be Supercritical or Subcritical.
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1- the Supercritical Hopf Bifurcation
If the erupted limit cycle is stable then it is a supercritical Hopf bifurcation.

2-the Subcritical Hopf Bifurcation
If the erupted limit cycle is unstable then it is a subcritical Hopf the bifurcation[36].
The critical of the Hopf bifurcation can be determined by checking the first order
lyapunov coefficients.When the first order lyapunov coefficient is negative, we
have a supercretical bifurcation. So one has

Figure(3.2) The bifurcation diagram for a Hopf bifurcation: (a) supercritical and (b)
subcritical. {courtesy of [36] }
First order lyapunov coefficient are obtained from Tayler series expansion around
the bifurcating equilibrium Parameter up-to the third order. This is a aquite complex
task and one often applies to numerical computation tools such as MATCONT to
obtain a numerically accurate value.
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CHAPTER 4
THEORETICAL APPROACHES OF CONTROL

4.1- POLE PLACEMENT CONTROL THOERY
Pole placement method is a classical control systems design method in the state
space domain control systems [34]. The pole placement is a useful technique to
solve a control system to achieve the desired specifications of system. The pole
placement technique depends on the pole locations close loop control system,
therefore

placing all poles of the closed-loop system to the desired locations

which are obtained from the designer transient-response and (steady state)
requirements. In order to perform a pole placement design the system should be
complete state controllable .

4-2 DESIGN OF SERVO SYSTEM
Now we will discuss the application of pole-placement approach to design of type
1 servo system. Assume the plant is defined by:𝑥̇ = 𝐴𝑥 + 𝐵𝑢

(4.1)

𝑦 = 𝐶𝑥

(4.2)

Where
𝑥:- state vector for the plant
𝑢 :- control signal

𝑢∈𝑅

𝑦:- output signal

𝑦∈𝑅

𝐴:- n×n constant matrix
𝐵:- n×1 constant matrix
𝐶:- 1×n constant matrix
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𝑥∈𝑅

If the plant has no integrator ,the basic principle of the design of type 1 servo system
is to insert an integrator in to the feedback path between the error compensator and
the plant , as shown below in the block diagram .

Figure (4.1) Type 1 servo system {courtesy of [34] }

𝑢 = −𝑘𝑥 + 𝑘1 𝜉
𝜉̇ = 𝑟 − 𝑦 = 𝑟 − 𝐶𝑥

(4.3)
(4.4)

Where
𝜉:-Output of the integrator
𝑟:- reference input signal
In this section one should assume that the pair (A,B) is complete state controllable.
We can say that the system is completely controllable in the range t > t 0 if it is
possible to construct an unconstrained control signal that will transfer an initial state
to any final state in any given finite time interval t 0 < 𝑡 < t1 . If every state is
controllable, then the system is said to be completely state controllable.
For the system in (4.1), controllability can be assessed by checking the rank of M =
[B AB

A2 B

A3 B … … … . . An × B ]

If it is equal to '𝑛' one can say that the system (4.1) is complete state controllable."
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One can also write (4.1) as a transfer function as shown below:
𝐺𝑝 (𝑠) = 𝐶(𝑆𝐼 − 𝐴)−1 𝐵
We should suppose the transfer function 𝐺𝑝 (𝑠) has no zero at origin to move away
from possibility of cancelation between zero at origin and added integrator in the
forward path.
Now we will combine eq (4.1) and eq (4,4) 𝑡0 obtained

𝑥̇ (𝑡)
𝐴
[ ̇ ]=[
−𝐶
𝜉 (𝑡)

0 𝑥(𝑡)
𝐵
1
][
] + [ ] 𝑢(𝑡) + [ ] 𝑟(𝑡)
0 𝜉(𝑡)
0
0

(4.5)

We need the closed loop asymptotically stable .
The dynamics of steady state is:

𝑥̇ (∞)
𝐴
[ ̇
]=[
−𝐶
𝜉 (∞)

0 𝑥(∞)
𝐵
1
][
] + [ ] 𝑢(∞) + [ ] 𝑟(∞)
𝜉(∞)
0
0
0

(4.6)

The value of input signal 𝑟(𝑡) is constant for all 𝑡 > 0 becase it is assumed to be a
step function . One has the difference of eq (4.5) and eq (4.6) , as

𝑥̇ (𝑡) − 𝑥̇ (∞)
𝐴
[ ̇
]=[
̇
−𝐶
𝜉 (𝑡) − 𝜉 (∞)

𝐵
0 𝑥(𝑡) − 𝑥(∞)
0
][
] + [ ] [𝑢(𝑡) − 𝑢(∞)] + [ ] [𝑟(𝑡) − 𝑟(∞)] (4.7)
0 𝜉(𝑡) − 𝜉(∞)
0
1

And in simplified notations :
𝑥𝑒̇ (𝑡)
𝐴
[ ̇
]=[
−𝐶
𝜉𝑒 (𝑡)

Where

0 𝑥𝑒 (𝑡)
𝐵
][
] + [ ] 𝑢𝑒 (𝑡)
0 𝜉𝑒 (𝑡)
0

(4.8)

𝑥𝑒 (𝑡) = 𝑥(𝑡) − 𝑥(∞)
𝜉𝑒 (𝑡) = 𝜉𝑒 (𝑡) − 𝜉𝑒 (∞)
𝑢𝑒 (𝑡) = 𝑢(𝑡) − 𝑢(∞)
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𝑢𝑒 (𝑡) = −𝑘𝑥𝑒 (𝑡)+𝑘1 𝜉𝑒 (𝑡)

(4.9)

Define a new (𝑛+1) the order error vector 𝑒(𝑡) by the following

𝑒(𝑡) = [

𝑥𝑒 (𝑡)
] = (𝑛 + 1) − 𝑣𝑒𝑐𝑡𝑜𝑟
𝜉𝑒 (𝑡)

The eq (4.8) becomes
𝑒̇ = 𝐴̂ 𝑒 + 𝐵̂ 𝑢𝑒

(4.10)

Where
𝐴
𝐴̂ = [
−𝐶

0
] ,
0

𝐵
𝐵̂=[ ]
0

And Equation (4.9) Will be the following
𝑢𝑒 = −𝑘̂𝑒 𝑒

(4.11)

Where
𝑘̂𝑒 = [𝑘 ∶ −𝑘1 ]
Now substituting equation (4.11) in to equation (4.1); one has :
𝑒̇ = (𝐴̂ − 𝐵̂ 𝑘̂ )𝑒

(4.12)

The equation (4.12) is the state error dynamics of closed loop. We can determine
the state-feedback gain matrix 𝑘̂ by using method of pole-placement if The
̂ 𝐵̂ ) are complete state controllable.
desired closed-loop poles are specified and (𝐴,

4.3- QUADRATIC OPTIMAL REGULATOR SYSTEMS

The quadratic optimal control is a better method to compute the state feedback
control gain matrix .We will study the system equation as shown:-
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𝑥̇ = 𝐴𝑥 + 𝐵𝑢

(4.13)

From the control signal we can calculate the value of feedback gain k :
𝑢 = −𝑘𝑥

(4.14)

To minimize the cost function:
∞

𝐽 = ∫0 (𝑥 ∗ 𝑄𝑥 + 𝑢∗ 𝑅𝑢)

(4.15)

Where
𝑄: − is positive definite or positive-semi-definite
𝑅: − is positive definite or positive-semi-definite

Figure (4.2) Quadratic Optimal Regulator Systems {courtesy of [34] }

We will solve this optimization problem by Substituting Equation (4.14) into
Equation (4.13) and obtain
𝑥̇ = 𝐴𝑥 − 𝐵𝑘𝑥 = (𝐴 − 𝐵𝑘)𝑥

(4.16)

Eigenvalues of (𝐴 − 𝐵𝑘) should have negative real parts which means it is stable.
Now Substituting Equation (4.14) into Equation (4.15)
∞

𝐽 = ∫0 (𝑥 ∗ 𝑄𝑥 + 𝑥 ∗ 𝑘 ∗ 𝑅𝑘𝑥) dt
∞

𝐽 = ∫0 𝑥 ∗ (𝑄 + 𝑘 ∗ 𝑅𝑘)𝑥 𝑑t
𝑥 ∗ (𝑄 + 𝑘 ∗ 𝑅𝑘)𝑥 = −
17

𝑑 ∗
𝑥 𝑃𝑥
𝑑𝑡

(4.17)

where
P :- is a positive-definite Hermitian
(𝐴 − 𝐵𝑘)∗ 𝑃 + 𝑃(𝐴 − 𝐵𝑘) = −(𝑄 + 𝑘 ∗ 𝑅𝑘)
∞
∗

∗

(4.18)

∞

∗

𝐽 = ∫ 𝑥 (𝑄 + 𝑘 𝑅𝑘) 𝑥 𝑑𝑡 = 𝑥 𝑃𝑥 ∫
0

0

= −𝑥 ∗ (∞)𝑃𝑥(∞) + 𝑥 ∗ (0)𝑃𝑥(0)
Eigenvalues of (𝐴 − 𝐵𝑘) are negative , that mean 𝑥(∞) → 0. So the above reduces
𝐽=

to
𝑥 ∗ (0)𝑃𝑥(0)

(4.19)

We can find optimal performance index J from 𝑥(0) and P.
Now we want to find the solution of quadratic optimal control problem . Assume the
value of R is positive- definite .
𝑅 = 𝑇 ∗𝑇
Where T is a nonsingular matrix
We can rewrite equation (4.18)
(𝐴∗ − 𝑘 ∗ 𝐵 ∗ )𝑃 + 𝑃(𝐴 − 𝐵𝑘) + 𝑄 + 𝑘 ∗ 𝑇 ∗ 𝑇𝑘 = 0
𝑘 = 𝑇 −1 (𝑇 ∗ )𝐵∗ 𝑃 = 𝑅 −1 𝐵∗ 𝑃

(4.20)
(4.21)

From the last equation (4.21) it is easy to obtain an optimal control gain k
The optimal control signal is now:
𝑢 = −𝑘𝑥 = 𝑅 −1 𝐵 ∗ 𝑃𝑥(𝑡)

(4.22)

Where 𝑃 is the positive definite symmetric solution of the algebraic Riccati equation

𝐴∗ 𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅 −1 𝐵∗ 𝑃 + 𝑄 = 0
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(4.23)

4.4 –OUTPUT FEEDBACK USING PROJECTIVE CONTROL THEORY

projective control is a linear control method that approximates a full state feedback
control through orthogonal projection of the full state feedback eigen space the
vector subspace formed from the output state/ variables . the full state feedback can
be by any method such as linear quadratic, regulator.

Now we study a linear

system as shown by:

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥
Where

𝑥 ∈ 𝑅 𝑛 , 𝑢 ∈ 𝑅 𝑚 , 𝑦 ∈ 𝑅 𝑞 , 𝐴 ∈ 𝑅 𝑛×𝑛 , 𝐵 ∈ 𝑅 𝑛×𝑚 , 𝐶 ∈ 𝑅 𝑞×𝑛

If The control signal of full state feedback defined as
𝑢 = −𝑘𝑥

Where

𝑘 ∈ 𝑅 𝑚×𝑛 , the gain matrix obtained i.e using the linear quadratic theory .
∞

𝐽 = ∫0 (𝑥 ∗ 𝑄𝑥 + 𝑢∗ 𝑅𝑢)
Then the closed loop full state feedback
𝑥̇ = (𝐴 − 𝐵𝑘)𝑥

And the eigenspectrum of closed loop full state feedback determine the following
𝝀𝟏
ʌ = (𝟎
𝟎

𝟎
𝝀𝟐
𝟎

𝟎
𝟎 ) , ˅ = [𝒗𝟏
𝝀𝒏

ʌ = eig(𝐴 − 𝐵𝑘)
where 𝑣𝑖 is the eigenvector corresponding to the 𝑎𝑖 .
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𝒗𝟐

…

…

𝒗𝒏 ]

The eigenspectrum equation is:
(𝐴 − 𝐵𝑘)˅ = ʌ˅
Where ʌ

is the diagonal matrix with the entries of the eigenvalues of (𝐴 − 𝐵𝑘)

˅ is the matrix of the corresponding eigenvectors
Here The control signal 𝑢 obtained from taken the feedback from the output vector
𝑢 = −𝑘𝑜 𝑦
where y = Cx , 𝐶 ∈ 𝑅 𝑞×𝑛 , 𝑦 ∈ 𝑅 𝑞
𝑢 = −𝑘𝑜 𝐶𝑥
We can find the closed loop dynamic of the output feedback as.
𝑥̇ = (𝐴 − 𝐵𝑘0 𝐶)𝑥
(𝐴 − 𝐵𝑘0 𝐶)˅𝑞 = ˅𝑞 ʌ𝑞
In the last equation , ʌ𝑞 refer to the value of q eigenvalues from full state feedback
closed loop dynamic system (A−BK) to be kept and ˅𝑞 is the matrix of eigenvectors
corresponding to each element of ʌ𝑞
(𝐴 − 𝐵𝑘)˅𝑞 = (𝐴 − 𝐵𝑘0 𝐶)˅𝑞
From the above one can obtain the following relationship between 𝑘 and 𝑘𝑜 .

𝑘0 = 𝑘˅𝑞 (𝐶˅𝑞 )
Where k 0 ∈ R1×q is the output feedback gain
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−1

(4.24)

4.5- WASHOUT FILTER THEORY

.A washout filter is a type of high pass filter, which rejects the steady state input
and allows the transient signals. When

applied to non-linear systems the

equilibrium point of the original non-linear

system should be preserved. The

washout filter plays an important role in the design of bifurcation controller as it
enables one to preserve all of original equilibrium points. Mathematically We can
represent the washout filter by the transfer function as shown below
𝑌(𝑠)

𝐺(𝑠) = 𝑋(𝑠) =

𝐺(𝑠) = 1 −

𝑠

(4.25)

(𝑠+𝑑)

𝑑
(𝑠 + 𝑑)

lim 𝐺(𝑆) → 𝑜
𝑠→0

Here 𝑑 > 0 is the inverse of filter time constant, which is also an important
parameter for the application.

𝑧(𝑠) =

1
𝑥(𝑠)
(𝑠 + 𝑑)

We can represent the dynamics of the filter in state space form.
𝑧̇ = 𝑥 − 𝑑𝑧
(4.26)
𝑦 = 𝑥 − 𝑑𝑧

Where
𝑧 :- is state variable of the washout filter 𝑧 ∈ 𝑅
𝑦 :- is output variable

𝑌 ∈ 𝑅𝑞

𝑥 :-is input to the filter 𝑋 ∈ 𝑅 𝑚
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When the washout filter coupled with a nonlinear system , it is beneficial to use a
tuning 𝑘.
𝑧̇ = 𝐶𝑥 − 𝑑𝑧
(4.27)
𝑦 = 𝑘(𝐶𝑥 − 𝑑𝑧)
In the above y will be an input to the nonlinear system {u} , x is the feedback from
the measurable states of the original non-linear system.
To consider a washout filter and a nonlinear system one should remember the
Jacobian linearization.
Suppose one has

𝑥̇ = 𝑓(𝑥, 𝑢)

We will applied the jacobian linearization theorem on the around a certain point
of nonlinear system (general equilibria):
𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + ℎ(𝑥, 𝑢)
Combination of equation (4.28) with equation (4.27) yield.
𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + ℎ(𝑥, 𝑢)
𝑧̇ = 𝐶𝑥 − 𝑑𝑧
𝑢 = 𝑘(𝐶𝑥 − 𝑑𝑧)
Now we can show the closed loop state equation as shown in the following
𝑥̇
𝐴 + 𝐵𝑘𝐶
[ ]=[
𝑧̇
𝐶
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−𝐵𝑘𝑑 𝑥
][ ]
𝑧
−𝑑

(4.28)

CHAPTER 5
FITZHUGH-NAGUMO MODEL

5.1- FITZHUGH-NAGUMO MODEL

The Fitzhugh-Nagumo model is a second order nonlinear differential equation
came after the study of Richard Fitzhugh to decrease the order of the Hodgkin
Huxley model [1]. Of electrical activity in squid giant axon ,
The Fitzhugh-Nagumo model represents the dynamics of membrane potential and a
slow recovery dynamics represented by an artificial term 𝑤

𝑉̇ = 𝑔(𝑉) − 𝑤 + 𝑢

(5.1)

𝑤̇ = 𝐶(𝑉 + 𝐴 − 𝐵𝑤)

Where

V

is a membrane potential

g(V) is a third degree polynomial in V , we select

g(V) = V − V 3 .

𝑢 is input which represents external current injection Iext .

a, b, c , d are same positive constants .
w

is a recovery variable (dimensionless).

We can the rewrite the Fitzhugh-Nagumo model equation as the shown below

𝑉̇ = 𝑉 − 𝐷𝑉 3 − 𝑤 + 𝑢

ẇ = CV + A − Bw
In this study, the parameters of F-N model (A, B ,C, D ) are chosen as:
A=0.056

B=0.064

C=0.08

D=0.3333
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(5.2)

Here we chose a stable set of values.
When Fitzhugh-Nagumo is simulated using above values of parameters without
external current injection

𝑢 = 0 ,one obtains the result in figure (5.1):

Figure (5.1) the open loop response Fitzhugh-Nagumo model without external
current

5.2- BIFURACTIONS ANALYSIS RESULTS OF FITZHUGH-NAGUMO
MODEL
The bifurcation phenomenon refers to the changes in stability characteristics of a
dynamical system due to a slight change in one or more parameters. In this section
we will present the bifurcation analysis of Fitzhugh-Nagumo models against
changes in one of the parameters (A,B,C,D) at a time. During the analysis external
current 𝑢 will be zero . The analysis are performed by MATLAB package called as
MATCONT . To start the analysis one needs a stable {or at least known isolated }
equilibrium point to be provided to the continuer module of MATCONT .When one
performs a simulation with initial conditions (𝑉(0) = 0 , 𝑊(0) = 0) and (𝑢 = 0)
the steady state (equilibrium) values are obtained as:
𝑉 = −1.1997353
ω = −0.6247093
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For the parameters
A=0.056

B=0.064

C=0.08

D=0.3333

Table (5. 1) bifurcation analysis results for the Fitzhugh-Nagumo model obtained from
MATCONT software for case (1 ,2)
case

Parameter& prop

Eigenvalues

1

2

V= -1.1997353
A= 0.034815422
B=0.064
C=0.08
D=0.333
Bifurcation parameter is A
𝜆1 = +𝑗0.275507
𝜆2 = −𝑗0.275507

A=-0.034815536
B=0.064
C=0.08
D=0.333
Bifurcation parameter is A
𝜆1 = +0.275507
𝜆2 = −0.275507

Equilibrium points

Type of condition

V=-0.96795523
W=-0.6659530

V=0.96795673
W=0.66595317

Hopf bifurcation

Hopf bifurcation

25

Table (5.2) bifurcation analysis results for the Fitzhugh-Nagumo model obtained from
MATCONT software for case {3,4}
case

Parameter& prop

Eigenvalues

3

4

A= 0.056
B=0.033999258
C=0.08
D=0.333
Bifurcation parameter is B
𝜆1 = +𝑗0.280792
𝜆2 = −𝑗0.280792

A=0.056
B=0.064
C=0.10188592
D=0.333
Bifurcation parameter is C
𝜆1 = +0.312714
𝜆2 = −0.312714

Equilibrium points

Type of condition

V=-0.98334462
W=-0.66670776

V=-0.96795509
W=0.66595306

Hopf bifurcation

Hopf bifurcation

Table (5 .3) bifurcation analysis results the Fitzhugh-Nagumo model obtained from
MATCONT software for case {5,6}
case

Parameter& prop

Eigenvalues

5

6

A= 0.056
B=0.064
C=0.08
D=0.12870964
Bifurcation parameter is D
𝜆1 = +𝑗0.275507
𝜆2 = −𝑗0.275507

A=0.056
B=0.064
C=0.08
D=-0.00302343
Bifurcation parameter is D
𝜆1 = 0
𝜆2 = 1.186

Equilibrium points

Type of condition

V=-1.5569395
W=-1.0711744

V=-5.25
W=-5.6875

Hopf bifurcation

Limit point
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Figure (5.2) Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter (A )

Figure (5.3) Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter (B )

Figure (5.4) Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter (C )
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Figure (5.5) Bifurcation diagram of Fitzhugh-Nagumo model against varying parameter (D )

Figure (5.6) Response of the membrane potential (v) under the bifurcated case (1) from
table (5.1)
.

Figure (5.7) Response of the membrane potential (v) under the bifurcated case (2) from
table (5.1) subcritical Hopf ‘’ First order Lyapunov coefficient’’
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Figure (5.8) Response of the membrane potential (v) under the bifurcated case (3) from
table (5.2) supercritical Hopf’ First order Lyapunov coefficient’’

Figure (5.9) Response of the membrane potential (v) under the bifurcated case (4) from
table (5.2)

Figure (5.10) Response of the membrane potential (v) under the bifurcated case (5) from
table (5.3)
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The variation of the membrane potential (v) under the bifurcated in case (6) from
table does not

yield a stable response as it a limit point. Limit points may be

unstable due to existence of an eigenvalue at right hand side as in the case 6 of
table (5,3). Note the temporary decaying behavior of the oscillation amplitude
which is an indicative of supercritical Hopf bifurcation.
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CHAPTER 6
SIMULTING AND RESULTS OF FITZHUGH-NAGUMO
MODEL

6.1- LINEARIZATION OF F-N MODEL

We discussed the Jacobian linearization in section (3.3) . Now we will apply that
method on our model of Fitzhugh-Nagumo .In general we have nonlinear dynamic
system like
ẋ = f(x, u)
And we can rewrite the above as :
ẋ = Ax + Bu + h(x, u)

∂f

A = ∂x|

Where

x=x0

,

∂f

B = ∂x|

, and

u=u0

h(x, u) the

represented higher order term , which we can neglect .So applying the above will
yield:
𝑉̇ = 𝑉 − 𝑑𝑉 3 − 𝑤 + 𝑢
ẇ = cV + a − bw

Where A and B are :

𝜕𝑉̇

𝐴=

𝜕𝑉̇

|

𝜕𝑉 (𝑥=𝑥0 )
[ 𝜕𝑤̇

|
𝜕𝑉

(𝑥=𝑥0 )

𝜕𝑉̇

|

𝜕𝑤 (𝑥=𝑥0 )
]
𝜕𝑤̇

𝐵=

|
𝜕𝑤

(𝑥=𝑥0 )

|

𝜕𝑢 (𝑢=𝑢0 )
[𝜕𝑤̇
]

|
𝜕𝑢

(𝑢=𝑢0 )
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(6.1)

𝜕𝑉̇

|

𝜕𝑉 (𝑥=𝑥0 )
𝜕𝑤̇

𝜕𝑉̇

= 1 − 3𝑑𝑉 2

|

𝜕𝑉 (𝑥=𝑥0 )

|

𝜕𝑤 (𝑥=𝑥0 )
∂ẇ

=𝑐

|

= −1

∂w (x=x0 )

∂V̇
|
=1
∂u (u=u )

= −b

∂w
|
=0
∂u (u=u0 )

0

2
̇
[ ∂V ] = [ 1 − 3dV
c
∂ẇ

̇
[ ∂V ] = [1
∂ẇ

−1] [ V ] + [1] u
0
−b w

V
0] [ ] + [0] u
w

̂ ]𝑇 and the bifurcating equilibrium values
the linearized state vector is 𝑥̂ = [ 𝑉̂ , 𝑊
̃ are given in Tables (5-1) (5-2) (5-3).
𝑉̃ and 𝑊

6.2- RESULT AND SIMULATING FULL STATE FEEDBACK F-N MODEL

After linearizing the F-N model , may control it through the structure shown in the
follwing figure :

Fig(6.1) design control Fitzhuh- Nagumo model in state feedback{courtesy of [34] }
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Where
̃2
A= [1 − 3𝑑𝑉
𝑐
𝐴
𝐴̂ = [
−𝐶

−1],
−𝑏

1
B=[ ] , C=[1
0

0] , D=0

0
𝐵
] , 𝐵̂ = [ ]
0
0

And a, b, c,d are system paramereters ofwhich change can lead to bifurcation their
possible values are taken from tables (5-1) (5-2) (5-3) for every individual case and
they will be substituted to A.
When we concider a full state feedback one should choose the desired closed loop
poles at a stable location .
for example one can take case (1) from table (5-1) .
̃= Where a=0.034815422 , b=0.064 , c=0.08 , d=0.33 , 𝑉̃ =- 0.96795523 ,𝑊
0.6659530 Substituting into eq (6.1)

A= [

0.06399961

−1

0.08

−0.064

],

1
B=[ ] , C=[1
0

And combining with the full state feedback form

𝐴
𝐴̂ = [
−𝐶

0
] ,
0

𝐵
𝐵̂=[ ]
0

One is able to obtain:
0.06399961
𝐴̂ = [
0.08
−1

−1
0
1
−0.064 0] , 𝐵̂ = [0]
0
0
0

To continue our design , we should choose the desired poles as .
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0]

For example :
J = [-10

-0.707+ 0.707i

-0.707- 0.707i]

By using MATLAB we obtained the value of feedback gain K and eigenvalue of
full state feedback for every bifurcation case in table (5.1),(5.2),(5.3) as shown in the
following table (6.1)

Table (6-1) : Numerical result of the bifurcation control of F-N model by full state
feedback
𝜆(𝐴̂ − 𝐵̂ 𝑘)

𝑘

(𝑘𝐼 )

Successe

1 (Hopf)

-10.0000 + 0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i

[11.4 − 1773 .4 − 156.2]

156.2

Yes

2 (Hopf)

-10.0000 +0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i

[11.4 − 1773.4 − 156.2]

156.2

muj
3 ( Hopf)

-10.0000 +0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i

[11.4 − 1773.4 − 156.2]

156.2

4 (Hopf)

-10.0000 + 0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i

[11.4 − 1773.4 − 156.2]

156.2

[9.9 − 1773.4 − 156.2]

156.2

[−15.2 − 1773.4 − 156.2]

156.2

case

5 (Hopf)

6 (Lp)

-10.0000 + 0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i
-10.0000 +0.0000i
-0.7070 + 0.7070i
-0.7070 - 0.7070i

Yes
Yes

Yes

Yes

NO

By using MATLAB / Simulink we obtained the following results in figures (6-1)
(6-2) , (6-3) ......... (6-18)
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Figure (6.2) Variation of control signal (u) of F-N model under the bifurcated case (1)

Figure(6.3)Closed loop response of the membrane potential (v) for F-N under the
bifurcated case(1)

Figure (6.4) Closed loop response of recovery variable (w) of F-N under the
bifurcated case (1)
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Figure(6.5) Variation of control signal (u) of F-N model under the bifurcated case (2)

Figure (6.6) Closed loop response of the membrane potential (v) for F-N under the
bifurcated case (2)

Figure(6.7) Closed loop response of recovery variable (w) of F-N under the bifurcated case
(2)
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Figure(6.8) Variation of control signal (u) of F-N model under the bifurcated case (3)

Figure(6.9)Closed loop response of the membrane potential (v) for F-N under the
bifurcated case (3)

Figure (6.10) Closed loop response of recovery variable (w) of F-N under the bifurcated
case (3)
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Figure(6.11) Variation of control signal (u) of F-N model under the bifurcated case (4)

Figure(6.12)Closed loop response of the membrane potential (v) for F-N under the
bifurcated case (4)

Figure(6.13) Closed loop response of recovery variable (w) of F-N under the bifurcated
case (4)
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Figure(6.14) Variation of control signal (u) of F-N model under the bifurcated case (5)

Figure(6.15)Closed loop response of the membrane potential (v) for F-N under the
bifurcated case (5)

Figure(6.16) Closed loop response of recovery variable (w) of F-N under the bifurcated
case (5)
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Figure(6.17) Variation of control signal (u) of F-N model under the bifurcated case (6)

Figure(6.18)Closed loop response of the membrane potential (v) for F-N under the
bifurcated case (6)

Figure(6.19) Closed loop response of recovery variable (w) of F-N under the bifurcated
case (6)
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6.2-WASHOUT FILTER OF F-N MODEL USING PROJECTIVE
CONTROL.
In general we can represent washout filter mathematically as shown below.
𝑧̇ = 𝐴𝜔 𝑧 + 𝐵𝜔 𝑦
(6.2)
𝐼 = 𝐴𝜔 𝑧 + 𝐵𝜔 𝑦
Where Z ∈ RP is the state of the washout filter, and 𝑦 is a scalar or vector which is
the measured output of the controlled system (i.e the neuron) and 𝐼 ∈ 𝑅 is the
output of washout filter. Concidering washout filter augmentation one may consider
two cases :6-2-1: First Order Washout Filter
Here we apply a feedback from the membrane potential V and thus we will
represent a first order washout filter as shown below:
𝑧̇ = 𝛼𝜔 𝑧 + 𝛽𝜔 𝑉
(6.2)
𝑌 = 𝛼𝜔 𝑧 + 𝛽𝜔 𝑦
Where αω < 0 is required for stability and βω is arbitrary it and can be equal to
unity

̂̇
1 − 3𝑑𝑉̇ 2
V
[w
c
̂̇ ] = [
β
ω
ż

−1 0
−b 0 ]
0 αω

1
̂
V
[w
̂ ] + [0] u
z
0

And the output part of the filter can be formed as: (6.3)
Y = [ βω 0
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̂
V
αω ] [w
̂]
z

6.3- RESULT AND SIMULATION FIRST ORDER WASHOUT FILTER OF
F-N MODEL

In this section we will present an example for case of table (5-1) , and present the
results for all cases in the tables (5-1), (5-2) ,(5-3) in a separate table.For the choice
βω = 1, αω = −0.1 substituting parameters a , b , c , d and equililbrium value of
̃, W
̃ from table (5-1) case (1) one obtains :
V

̂̇
V
[w
̂̇ ] =
ż

[

0.06399961
0.08
1

−1
−0.064
0

𝑦 = [1

0
1
̂
V
]
+
[
0 ] [w
0] u
̂
−0.1 z
0
̂
V
− 0.1] [w
̂]
z

0

̂ x̂ + B
̂u
x̂̇ = A
y = Ĉx̂
where
̂
x̂ = [V

w
̂ z]

To implement the 𝐿 𝑄 𝑅 full state feedback reference design one can choose the
coefficient matrices Q and R as

𝑄=5𝐼3×3 ,R=1 .

̂−B
̂K
̂F )
We are expecting to stabilize the eigenvalue of ( A
To

achieve

this

one

can

invoke

the

MATLAB

command

𝑙𝑞𝑟 (𝐴ℎ𝑎𝑡 , 𝐵ℎ𝑎𝑡, 𝑄, 𝑅)
̂, B
̂ , 𝑄, 𝑅 as given above and obtain
with A
𝐾𝐹 = [ 3.0245 − 0.7502 1.9404 ]
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𝐾𝐹 =

̂−B
̂K
̂ F)
And the closed loop of system 𝐹𝐶 = (A

−2.9605
𝐹𝑐 = [ 0.08
1

−0.2498
−0.064
0

−1.9404
]
0
−0.1

The closed loop eigenvalues of which are:
−1.8231
[ −1.2371 ]
−0.0643

and their corresponding eigenvectors are:

−0.8642
𝑣 = [ 0.0393
0.5016

−0.7499
0.0511
0.6595

0.0043
−0.9926 ]
0.1213

The projective control law will establish a feedback only from the washout filter
thus the dimension

of the feedback is one and the member of

retainable

eigenvalues is also equal to one .So it is best to retain eigenvalue farthest from the
imaginary axis which is the one at -1.823 1. The projection eigenvector column
should be chosen as the one corresponding

-1.823 1

Than we have column vector 𝑣𝑞

−0.8642
𝑣𝑞 = [ 0.0393 ]
0.5016

And using the projection equation (4.24) to find feedback gain for washout filter
output:
𝑘𝑜 = [ 1.8265 ]
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Now we find the eigenvalues of the output feedback closed loop using (𝐴 − 𝐵𝑘𝑜 𝐶)
as:
−1.8231
𝜆 = [−0.0517 + 0.0386𝑖 ]
−0.0517 − 0.0386𝑖
One can conclude that ,the washout filter and projective control yielded a stable
result . In the following table we present the results associated with the cases in
table (5.1),(5.2) and (5,3)

Table(6.2) : Numerical results of the bifurcation control F-N model by first order
washout
case
1 (Hopf)

𝜆(𝐴 − 𝐵𝑘)
−𝟏. 𝟖𝟐𝟑𝟏
−1.2371
−0.0643
-1.8231

2 (Hopf)

-1.2371
-0.0643

𝑘0
[1.8265 ]

𝜆(𝐴 − 𝐵𝑘0 𝐶)
−𝟏. 𝟖𝟐𝟑𝟏
−0.0517 + 0.0386𝑖
−0.0517 − 0.0386𝑖

[1.8265 ]

-1.8231
-0.0517 + 0.0386i
-0.0517 - 0.0386i

Successe
Yes

Yes

3 (Hopf)

-1.8215
-1.2382
-0.0644

[ 1.7967]

-1.8215
-0.0526 + 0.0388i
-0.0526 - 0.0388i

-1.8231
-1.2371
-0.0643

[ 1.8265 ]

-1.8231
-0.0517 + 0.0386i
-0.0517 - 0.0386i

Yes

4 (Hopf)

[1.0220]

-2.4536
-0.0770 + 0.0322i
-0.0770 - 0.0322i

Yes

5 (Hopf)

-2.4536
-0.9224
-0.0645

[8.1357]

-34.6919
-0.0714 + 0.0053i
-0.0714 - 0.0053i

No

6 (Lp)

-34.6919
-0.6544
-0.0643
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Figure(6.20) Variation of the control signal (u) of F-N model controlled by first order
washout filter under the bifurcated case (1)

Figure(6.21) Response of the membrane potential (v) for F-N model controlled by first
order washout filter under the bifurcated case (1)

Figure(6.22) response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (1)
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(6.23) Variation of the control signal (u) of F-N model controlled by first order washout
filter under the bifurcated case (2)

fig(6.24) Response of the membrane potential (v) for F-N model controlled by first order
washout filter under the bifurcated case (2)

Figure(6.25) Response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (2)
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(6.26) Variation of the control signal (u) of F-N model controlled by first order washout
filter under the bifurcated case (3)

Figure(6.27) Response of the membrane potential (v) for F-N model controlled by first
order washout filter under the bifurcated case (3)

Figure(6.28) Response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (3)
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fig(6.29) Variation of the control signal (u) of F-N model controlled by first order washout
filter under the bifurcated case (4)

Figure(6.30) Response of the membrane potential (v) for F-N model first order washout
filter under the bifurcated case (4)

Figure(6.31) Response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (4)
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Figure(6.32) Variation of the control signal (u) of F-N model controlled by first order
washout filter under the bifurcated case (5)

Figure(6.33) Response of the membrane potential (v) for F-N model controlled by first
order washout filter under the bifurcated case (5)

Figure (6.34) Response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (5)
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Figure(6.35) Variation of the control signal (u) of F-N model controlled by first order
washout filter under the bifurcated case (6)

Figure(6.36) Response of the membrane potential (v) for F-N model controlled by first
order washout filter under the bifurcated case (6)

Figure(6.37) Response of recovery variable (w) of F-N model controlled by first order
washout filter under the bifurcated case (6)
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6-4-Second Order Washout Filter
Here we suppose that the membrane potential V and recovery variable are both
observable . And one will be able to implement a second order washout filter as
shown below .

𝑧̇ = 𝐴𝜔 𝑍 + 𝐵𝜔 𝑉
𝑌 = 𝐴𝜔 𝑍 + 𝐵𝜔 𝑉

Where
𝐴𝜔 = [

αω (1.1)
αω (1.2)

αω (1.2)
]
αω (2.2)

Z= [𝑧1 , 𝑧2 ]𝑇 ,

βω (1.1)
βω (1.2)

𝐵𝜔 = [

βω (1.2)
]
βω (2.2)

X= [𝑉1 , 𝑊2 ]𝑇

So the combined model equations are:

̂̇
V
[w
̂̇ ] = [
ż

1 − 3𝑑𝑉̇ 2 −1
c
−b
βω (1.1)
βω (1.2)
βω (2.1)
βω (2.2)

0
0
αω (1.1)
αω (2.1)

0
0

1
̂
V
] [ ̂ ] + [0] u
αω (1.2) w
z
0
αω (2.2)

(6.4)
Y=[

βω (1.1)
βω (2.1)

βω (1.2)
βω (2.2)

αω (1.1)
αω (2.1)

αω (1.2)
]
αω (2.2)

̂
V
[w
̂]
z

feedback is taken from Y and a gain is to use to combine the of output Y to form
input u which is a scalar.
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6.5- RESULT AND SIMULATION SECOND ORDER WASHOUT FILTER FITZHUGH-NAGUMO MODEL
When one substitutes all parameters a , b , c , d and

̃ for case one(1) of table
𝑉̃ ,𝑊

(5-1), and With the selection of αω (1,1) = −0.1 αω (1,2) = −0.1 and βω (1,1) =
1 βω (2,2) = 1 .
Applying The equation (6.4) becomes:

0,06399961
̂̇
V
0.08
[w
̂̇ ] = [
1
ż
0

𝑌=[

1
0

−1
−0.064
0
1

0
1

0
0
0
0 ]
−0.1 0
0 − 0.1

− 0.1 0
0 − 0.1

1
̂
V
0
[w
̂ ] + [0] u
z
0

̂
V
] [w
̂]
z

̂ x̂ + B
̂
̂u
Ẋ = A
Y = Ĉx̂
where
̂ = [V
̃ ,W
̃ , Z1 , Z2 ]
X

Similarly invoking MATLAB 𝑙𝑞𝑟 command for

R=1 , 𝑄 =0.5× 𝐼4×4

Will yield following full state feedback gain 𝐾𝐹 ,
𝐾𝐹 = [ 1.3355 1.0525 0.4721 0.2303]
The closed loop dynamics of full state feedback is governed by 𝐹𝑐 = (𝐴̂ − 𝐵̂ 𝐾𝐹 )
which is :
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−1,2715
𝐹𝑐 = [ 0.08
1
0

−2.0525
−0.064
0
1

−0.2721
0
−0.1
0

− 0.2303
0
]
0
− 0.1

And its eigenvalue λ
−0.6666 + 0.5200i
−0.6666 − 0.5200i
λ=[
]
−0.1024
−0.1000

The corresponding eigenvectors to above will be:

−0.4469 + 0.4102 −0.4469 − 0.4102i −0.0010 + 0.0000i − 0.0000 + 0.0000i
0.0609
− 0.0019i
0.0609 + 0.0019i
0.0022 + 0.0000i 0.0000 + 0.0000i ]
𝑉=[
0.7887 + 0.0000
0.7887 + 0.000
0.4329 + 0.0000i
0.4384 + 0.0000i
−0.0600 − 0.0518i − 0.0600 + 0.0518i − 0.9015 + 0.0000i
− 0.8988 + 0.0000i

The projective control law will make feedback only from the washout filter thus the
dimension

of the feedback is two and the member of guaranted

retainable

eigenvalues is also equal to two . So it is the best to retain the two eigenvalues
farthest from the imaginary axis which is at { -0.6666 + 0.5200i -0.6666 -0.5200i}
Than the corresponding projection eigenvector matrix 𝑉𝑞 will be :
−0.4469 + 0.4102 −0.4469 − 0.4102i
0.0609 + 0.0019i
𝑉𝑞 = [ 0.0609 − 0.0019i
0.7887 + 0.0000
0.7887 + 0.000
−0.0600 − 0.0518i − 0.0600 + 0.0518i

]

And using the projection equation (4.24) to find feedback gain from washout
filter,one will have:
𝑘0 = [1.2437 7.1674 ]
And the closed loop eigenvalue of output feedback which is governed by

53

(𝐴 − 𝐵𝐾𝐹 𝐶)

−0.6666 − 0.5200𝑖
(𝐴 − 𝐵𝑘0 𝐶) = [−0.6666 + 0.5200𝑖 ]
−0.0106
−0.1000

For other cases in Tables (5-1),(5-2),(5-3) the results are summarized in Table(6.3):

Table(6.3) : Numerical results of the bifurcation control by second order washout
F-N
case

𝜆(𝐴 − 𝐵𝑘)

model
𝑘0

-0.6666 + 0.5200i
1(Hopf)
2(Hopf)

3(Hopf)

4(Hopf)

5(Hopf)

6(Lp)

-0.6666 - 0.5200i
-0.1024
-0.1000
-0.6666 + 0.5200i
-0.6666 - 0.5200i
-0.1024
-0.1000
-0.6661 + 0.5208i
-0.6661 - 0.5208i
-0.1024
-0.1000
-0.6666 + 0.5200i
-0.6666 - 0.5200i
-0.1024
-0.1000
-1.4533
-0.5025
-0.1024
-0.1000
-26.5413
-0.0727
-0.0996
-0.1000

[1.2437 7.1674 ]

[1.2437 7.1674 ]

[1.2130 7.1373 ]

[1.2437 7.1674 ]

[0.3936 5.3919]

[0.0073 − 0.7015]
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𝜆(𝐴 − 𝐵𝑘0 𝐶)
-0.6666 - 0.5200i
-0.6666 +0.5200i
-0.0106
-0.1000
-0.6666 - 0.5200i
-0.6666 +0.5200i
-0.0106
-0.1000
-0.6661 - 0.5208i
-0.6661 +0.5208i
-0.0109
-0.1000
-0.666 - 0.5200i
-0.666 +0.5200i
-0.0106
-0.1000
-1.4533
-0.5025
-0.0235
-0.1000
-26.5413
-0.0727
-0.0922
-0.1000

Successe
Yes

Yes
Yes

Yes

Yes

NO

Figure(6.38) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (1)

Figure(6.39) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (1)

Figure(6. 40) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (1)
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Figure(6.41) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (2)

Figure(6.42) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (2)

Figure(6. 43) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (2)
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Figure(6.44) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (3)

Figure(6.45) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (3)

Figure(6. 46) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (3)
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Figure(6.47) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (4)

Figure(6.48) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (4)

Figure(6. 49) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (4)
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Figure(6.50) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (5)

Figure(6.51) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (5)

Figure(6. 52) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (5)
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Figure(6.53) Variation of control signal (u) of F-N model controlled by second order
washout filter under the bifurcated case (6)

Figure(6.54) Response of the membrane potential (v) for F-N model controlled by second
order washout filter under the bifurcated case (6)

Figure(6. 55) Response of recovery variable (w) of F-N model controlled by second order
washout filter under the bifurcated case (6)
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CHAPTER SEVEN
DISCUSSION AND CONCLUSION

In this thesis ,we have presented a theoretical study on bifurcation control of signal
Fitzhugh-Nagumo neuron model, The bifurcation analysis has been done by a
MATLAB package called as MATCONT , which is fast and has reasonable
accuracy for analysis. To achieve the bifurcation control goal we first develop a
control law based on the pole placement approach. In this approach, the Jacobian of
the Fitzhugh Nagumo model at the bifurcating equilibrium is stabilized by placing
the closed loop eigenvalues at a stable location (namely the left half plane). From
the simulation results it is understood that the pole placement approach succeeded in
view of stability but it could not preserve original the equilibrium membrane
potential levels. To address this issue, we have implemented first and second order
washout filter to control the F-N neurons. The design of the filter are aided by
projective control theory. From the results we conclude that the first order washout
filter has a short transient response but the second order washout filter has a
comparably longer transient response . In other words, the first order washout filter
have advantageus concerning the speed of response and less cost to implement as
only feedback from one measurable signal required. The washout filter worked
satisfactorily in Hopf bifurcation cases. It both yielded a stable closed loop and the
original equilibrium levels are preserved. However for the limit point case, the
original membrane potential equilibrium levels did not seem to be preserved. This
should be due to the nature of the limit point phenomenon as two equilibrium points
collide and vanish. The eigenvalue at the origin should also be a contribution to this
difficulty. We can also be observed that the speed of response in pole placement
based approach is faster than speed of response in the washout filter. In the pole
placement the membrane potential did not converge exactly to steady state (true
equilibrium points) ,but it converged exactly to the original equilibrium points in the
case of washout filter
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