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ABSTRACT
BACKSTEPPING CONTROL OF DC ELECTRICAL MACHINES
Ahmad Zuglem

M.S., Electrical & Electronics
Engineering Department
Supervisor: Asst. Prof. Dr. Resat Ozgur Doruk
January 2017, 71 pages
This thesis reviews a linear backstepping design scheme for the control of DC motor
system to achieve the desired position and speed tracking control objective. This
technique is based on the use of the linear system in the DC motor model and finding
a direct relationship between the motor output and input quantities without affecting
the speed regulation. The proposed control scheme is not only to stabilize the DC
motor, but also to drive the speed tracking error and the position error are able to
converge to zero asymptotically according to Lyapunov stability theorem.
The backstepping control approach is applied to the control of direct current electric
motors. The approach is based on the extension of the Lyapunov’s second method
which is applied to each state separately by interconnecting them by introducing
virtual control inputs to each state equation. The stability of the closed loop is
ensured by tuning the ﬁnal Lyapunov equations appropriately.
The disturbance torques might become a critical issue in this case and the issue is
handled by doing a theoretical analysis based on input-to-state stability theory and
numerical simulations with disturbance torques as random signals.
Keywords: Backstepping control, DC motor, Lyapunov stability, Linear system,
Disturbance torque, Input-to-state stability.
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ÖZ
DOĞRU AKIM ELEKTRİK MAKİNALARININ GERİ ADIMLAMALI
DENETİMİ
Ahmad Zuglem

Yüksek Lisans., Elektrik & Elektronik Mühendisliği Bölümü
Danışman: Doç. Dr. Reşat Özgür Doruk
Ocak 2017, 71 sayfa
Bu çalışma doğru akım (DC) motorlarına istenen konum ve hıza erişebilmesi için
doğrusal geriadımlama yöntemine dayalı bir denetleyici tasarımını göstermektedir.
Geliştirmede

doğrusal

motor

modellerinden

yararlanılmış

olmakla

birlikte

denetleyicinin tasarım Lyapunov kararlılık ilkelerine dayalı olarak yapılmaktadır. Bu
sayede konum ve hız tarama hatalarının asimptotik olarak sıfıra yakınsaması
sağlanabilmektedir.

Geri

adımlama

yöntemi

Lyapunov’un

ikinci

kararlılık

yaklaşımının bir uzantısı olup hal uzayı vektörünün her elemanına birer sanal girdi
tanıtmak suretiyle teker teker Lyapunov kararlılığını sağlayan özyinelemeli bir
yaklaşımdır. Lyapunov kararlılığı matematiksel olarak son adımda elde edilmektedir.
Bu çalışmada ayrıca motor mili üzerinde etkin olabilecek bozucu etki torklarının
analizi için girdiden-hale kararlılık kavramı üzerinden teorik ve rastgele değişken
olarak modelleyerek sayısal benzetim yoluyla analizi yapılmıştır.
Anahtar Kelimeler:

Geri adımlamalı denetim, Doğru akım motoru, Lyapunov

kararlılık, Bozucu etki torku, Girdiden-Hale kararlılık
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CHAPTER 1
INTRODUCTION
A direct current, or DC, motor is the most common type of machine in one’s daily
life and are often used in many industrial applications where a wide range of speed
or position control is required. In this thesis, a linear controller is designed for DC
motor through the technique of backstepping which is recursive application of the
second method of Lyapunov function.
The method of backstepping control (or integrator backstepping control as stated
elsewhere) is an extension of the Lyapunov’s second method. This approach appears
as an application of the Lyapunov’s second method to a single or group of state
variables of a linear or nonlinear dynamical system one-by-one [2]. The second
method of Lyapunov is a generic stability assessment technique that allows
application to almost all types of linear or nonlinear systems. Thus, backstepping
methodology can be applied to any control problem regardless of being linear or
nonlinear. The only restrictive issue is the complexity of the problem which is
determined by the dynamical system in consideration.
One of the critical indicative of the system complexity is the vector relative degree
(or just simply the relative degree) [3]. Relative degree is a relationship between the
input and output. In the simplest sense, the relative degree is the required number of
differentiations of the output to detect the appearance of the input first time. A
system is of full relative degree type, if and only if these number of differentiations is
equal to the system order. When we have a full relative degree nonlinear system, the
backstepping control approach can very easily be applied to the problem. If the
system is fairly complicated, the probability of wrong derivations may increase but
that is not a restriction on the applicability of the backstepping methodology.
For the case of non-full relative degree systems, the control law will appear as a
differential equation. The final design may seem stable as revealed by the final
Lyapunov function derivative. However, the stability of the control law differential
equation should be discussed separately. In this study we will not face any similar
issues as the position and speed dynamics of DC motor are of full relative degrees.
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1.1 Aim and Scope
The goals of this study can be summarized as shown below:
Using a linear DC motor model we will design position and speed controllers by
backstepping approach.
Analysis of the system stability will be performed by two different approaches:
(a) Due to the underlying mechanism of backstepping method the stability of the closed
loop will be achieved through the Lyapunov’s second method at the end of each
step. In addition to that, the simulations performed on MATLAB may also be an
assessment concerning stability. Also the load torque which appears as an input to
the closed loop motor dynamics will also be existent. Because of that, the stability
of the model against the random disturbance torques should also be assessed. The
first approach will be incorporation of a normally distributed noise to the
simulation. This will both a basic stability and performance analysis method.
Simulations will be beneficial in the assessment of the effects of controller gain
values in the overall performance.
(b) The closed loop model will not be free of inputs as discussed above in article (a).
The load disturbance torque will appear as an input to the loop closed by the
position or speed control law (armature voltage input). So the input-to-state stability
approach [56, 57, 58, 59, 60] can be utilized to perform an analysis on the effects of
the load disturbance torques. The last part of this study will be devoted to this
analysis.
1.2 Layout of the Dissertation
Chapter 2 is the literature survey, which introduces some of the relevant work that
has been done on the same/ or similar topics. Chapter 3 includes the derivations of
the mathematical models of the DC motor and its parameters are given.
In Chapter 4 the Lyapunov Stability, Backstepping theory and Input-to-State
Stability Concept are discussed. Chapter 5 is about control design which we applied
backstepping control for both speed and position of the DC motor. This chapter will
also summarize the simulations and their results. And the final part (chapter 6) is the
conclusion of this study.
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CHAPTER 2
BACKGROUND INFORMATION AND LITERATURE SURVEY
This chapter presents an overview of the existing literature in areas related to the
backstepping control. Backstepping is a systematic, based on Lyapunov second
method for linear or nonlinear control design and the backstepping technique
developed circa 1990 by Petar V. Kokotovic and others[1,2]. The name backstepping
refers to the recursive nature of the design procedure where a control law as well as a
control Lyapunov function is recursively, which starts at the largest number of
integrations from the control input and steps back toward the control input. In each
step, an intermediate or virtual control law is calculated and in the last step the real
control law is derived.
2.1 Control Problems related applications
2.1.1

Projects targeting defense industry related applications

Integrated backstepping design of missile guidance and control with robust
disturbance observer. The stability of integrated backstepping guidance and control
logic is proved using Lyapunov's second method recursively. Tracking performance
is also considered. The deflection command is a function of linear aerodynamic
coefficients and measurable states. The designed guidance-control system
performance is verified via numerical simulation [4]. Backstepping control design
with actuator torque bound for spacecraft attitude maneuver. Design a nonlinear
backstepping attitude controller using the inverse tangent based tracking function and
a family of augmented Lyapunov functions. Using this control law, we derive an
analytical upper bound of the control torque norm. The bound is effectively used to
tune the control parameters so that for the given settling time specification the upper
bound of the control input is minimized. The performance of the proposed controller
has shown improvements in minimizing the peak control torque and the settling time
[5]
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2.1.2 Power electronics problems
Decentralized adaptive backstepping control of electric power systems a
decentralized adaptive backstepping excitation controller, tuned using a Particle
Swarm Optimization technique (PSO). Test results show the effectiveness of the
adaptive backstepping control in improving dynamic stability of system under large
disturbances in comparison with conventional PSS. A counter example demonstrates
that conventional PSSs, unlike the proposed one, are only valid in the vicinity of the
operating conditions and fails during large disturbances [6].
2.1.3 Problems combined with neural networks
The robust backstepping control of a class of general nonlinear systems using neural
networks (NNs). Compared with adaptive backstepping control, linearity in unknown
parameters is not needed. A major problem with backstepping is corrected in that
no tedious computation of “regression matrices” is needed. The tracking error can
be reduced to arbitrarily small values by choosing certain gains large enough.
Several practical systems, including an induction motor and a RLFJ robot, were used
to demonstrate the effectiveness of the proposed controller [7]. Two different
backstepping neural network (NN) control approaches are presented for a class of
affine nonlinear systems in the strict-feedback form with unknown nonlinearities.
The outputs of the system are proved to converge to a small neighborhood of the
desired trajectory. The control performances of the closed-loop systems can be
shaped as desired by suitably choosing the design parameters. Simulation results
obtained demonstrate the effectiveness of the approaches proposed. The differences
observed between the inputs of the two controllers are analyzed briefly [8].
2.1.4 Flight control problems
Backstepping control is presented to stabilize a nonlinear dynamic model for a
quadrotor helicopter in a form suited. The design methodology is based on the
Lyapunov stability theory. The whole system of the quadrotor helicopter is divided
into three subsystems: an under-actuated subsystem, fully-actuated subsystem and a
propeller subsystem. A backstepping control algorithm is proposed to stabilize the
whole system and is able to drive a quadrotor to the desired trajectory of Cartesian
position and yaw angle. Various simulations of the model show that the control law
4

stabilizes a quadrotor with good tracking [9]. The latest technological progress in
sensors, actuators and energy storage devices enables the developments of miniature
VTOL1 systems. The results of two nonlinear control techniques applied to an
autonomous micro helicopter called Quadrotor. A backstepping and a sliding-mode
techniques. The backstepping controller proves the ability to control the orientation
angles in the presence of a relatively high perturbations [10].
2.1.5 Cases related to the automotive engineering
In order to improve the ride comfort of vehicles without losing the suspension
working space and decreasing the road holding, backstepping control is preferred
which offers a systematic procedure to construct the Lyapunov functions and related
stabilizing feedback control laws, recursively . Since it is based on the Lyapunov’s
direct method, the stability of the system is guaranteed with the designed
backstepping control law [11].
2.1.6 Other applications of backstepping approach to relatively more theoretical
problems such as control of chaotic systems.
An effective observer is designed to identify the unknown parameter of Lü system,
then the backstepping method is applied to control the uncertain Lü system to
bounded points. Furthermore, it can track any continuous or discrete target.
Especially, the control law designed here avoids the divergence of 1/𝑥 and 1/𝑥 2 in
Ref [12] . Adaptive backstepping control scheme is extended to the non-autonomous
"strict-feedback" system, and it is shown that the output of the non-autonomous
system can asymptotically track the output of any known, bounded and smooth
nonlinear reference model [13]. Backstepping design is proposed for synchronization
of chaotic system. By using backstepping control scheme, they have proposed a
novel nonlinear controller for asymptotic chaos synchronization using the Lyapunov
stability theory [14].
2.2 Electric Motor Controllers by Backstepping
The purpose of this research is to apply the backstepping control technique to the
development of direct current electric motor controllers. There are some similar
studies in the literature such as: Model-following non-linear sliding-mode control
combined with the adaptive backstepping approach on the control design of the
5

electromagnetic torque and rotor-flux amplitude for an induction motor is utilized to
obtain the robustness for mismatched parameter uncertainties.
The transient dynamics of the torque and rotor-flux amplitude can be precisely
regulated by the design of the linear reference model, since the tracking errors
between the state-transformed [19]. A nonlinear adaptive speed controller is
designed for a permanent magnet synchronous motor, based on an adaptive
baskstepping control technique when the system are transformed to be in the linear
form which is required by the backstepping control. The uncertainties considered
in the system are stator resistance, friction coefficient and load torque, which are
the most concerned variations in an electric drive system. Then the parameter
adaptation laws and the final control laws are derived systematically step by step.
The proposed adaptive backstepping controllers are quite efficient for the PMSM
speed control, when the system is deviated by parameter uncertainties and load
torque disturbance [21]. A new speed and current control scheme for a Permanent
Magnet Synchronous Motor (PMSM) by means of a nonlinear and adaptive
backstepping design. The final control and parameter estimation laws are derived by
the design of the virtual control inputs and the Lyapunov function candidate. The
overall control system is asymptotically stable according to stability analysis results
based on Lyapunov stability theory. The controller guarantees tracking of a time
varying reference speed owing to the fact that the speed and current tracking errors
asymptotically converge to zero despite all the parameter uncertainties/perturbations
and load torque disturbance variation. Numerical simulations reveal the performance
and feasibility of the backstepping controller [44]. Permanent magnet synchronous
motor (PMSM) using a backstepping control technique has been proposed for the
design of the speed-tracking controller. Tow controllers are proposed: non adaptive
backstepping controller, which requires exact knowledge of the parameters plant, and
adaptive backstepping controller. With this controller, the unknown parameters in ac
motion control systems were estimated and compensated by the adaptive control
scheme. The feedback system is globally asymptotically stable in sense of Lyapunov
method [45]. Design and implement integrator backstepping controllers (adaptive
and robust) for a brush DC motor driving a one-link robot manipulator. Through the
use of Lyapunov stability-type arguments, we show that both of these controllers
6

ensure "good" load position tracking despite parametric uncertainty throughout the
entire electromechanical system [53]. The dynamic model of a field-oriented control
LIM drive was introduced. Then a feedback linearisation controller was designed in
the sense of backstepping control technique. Moreover, to relax the requirement for
the bound of lumped uncertainty, a RFNN uncertainty observer was proposed to
estimate the lumped uncertainty in real

time. In addition an online parameter

training methodology, which is derived using the Lyapunov stability theorem and
the gradient descent method, was proposed to increase the learning ability of the
RFNN. The proposed intelligent backstepping control system is robust for parameter
variations, time-varying external force disturbances, and different trajectories.
The effectiveness of the proposed control scheme has been confirmed [54].
As a novel nonlinear control strategy, backstepping control is applied to the speed
tracking control of Permanent Magnet Synchronous Motor (PMSM).
The backstepping control design simplifies the system design procedure, and reduces
the regulated parameters of system control. At the same time the design can provide
better speed tracking performance. The paper gives the proof of system stabilization.
Comparison with normal PID control, which proves the efficiency and feasibility of
system design [55].
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CHAPTER 3
MATHEMATICAL MODELING OF DC MOTORS

3.1 The DC motor’s circuit is shown in the diagram below:

Figure 3.1: DC Motor Circuit [63]
3.1.1 DC Motor Model:
We can write the equations of the DC motor as follows:
𝑑𝜃𝑀
𝑑𝑡
𝑑𝜔𝑀
𝑑𝑡

(1)

𝐾

1

= − 𝐽 𝑀 𝜔 𝑀 + 𝐽 𝑡 𝑖 𝑎 − 𝐽 𝜏𝐿

𝑑𝑖𝑎
𝑑𝑡

𝐵

= 𝜔𝑀

𝑀

𝑀

𝑀

𝐾

𝑅

1

= − 𝐿 𝑏 𝜔𝑀 − 𝐿 𝑎 𝑖𝑎 + 𝐿 𝑉𝑎
𝑎

𝑎

𝑎

(2)
(3)

Where:
𝜃𝑀

Position of the motor

𝜔𝑀 Angular velocity

𝑖𝑎

Armature current

𝑉𝑎

Input voltage

𝜏𝐿

Load disturbance torque

𝐽𝑀

Rotor’s inertia [combined of the

rotor and connected load]
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𝑘𝑡 Torque constant

𝑘𝑏

Back Emf constant

𝐿𝑎 Armature inductance

𝑅𝑎

Armature resistance

𝐵𝑀 Motor viscous friction
The nominal values of those parameters are shown in Table 1.
3.1.2 Developing The State Equations
There are three derivative terms in the model of a DC motor.
First one is the derivative of the position ( 𝜃𝑀 ) in Eq (1) which is equal to the angular
velocity (𝜔𝑀 ), and the derivative of the angular velocity ( 𝜔𝑀 ) in Eq (2), and third
one is the derivative of the armature current (𝑖𝑎 ) in Eq (3).


From the equation above, one can propose the following definitions for the
sake of simplicity:

𝑎=−


𝐵𝑀
,
𝐽𝑀

𝑏=

𝑘𝑡
,
𝐽𝑀

𝑔=−

𝑘𝑏
,
𝐿𝑎

𝑟=−

𝑅𝑎
,
𝐿𝑎

𝑠=

1
1
𝑎𝑛𝑑 𝑝 =
𝐿𝑎
𝐽𝑀

With the above definitions, and knowing that input is (𝑉𝑎 ) and output is (𝜃𝑀 ),
one can rewrite the state equations as:
𝜃̇𝑀 = 𝜔𝑀



(4)

𝜔̇ 𝑀 = 𝑎 𝜔𝑀 + 𝑏 𝑖𝑎 + 𝑝𝜏𝐿

(5)

𝑖̇̇𝑎 = 𝑔 𝜔𝑀 + 𝑟 𝑖𝑎 + 𝑠 𝑉𝑎

(6)

One will make use of the above equations in position control of a DC motor.
In matrix form:
0
𝑑 𝜃𝑀
𝜔
( 𝑀 ) = (0
𝑑𝑡 𝑖
0
𝑎



1
𝑎
𝑔

0
𝜃𝑀
0
0
𝑏) (𝜔𝑀 ) + (0) 𝑉𝑎 + (𝑝) 𝜏𝐿
𝑟
𝑖𝑎
𝑠
0

For speed control the state space equations are as given below:
𝜔̇ 𝑀 = 𝑎 𝜔𝑀 + 𝑏 𝑖𝑎 + 𝑝𝜏𝐿

(7)

𝑖̇̇𝑎 = 𝑔 𝜔𝑀 + 𝑟 𝑖𝑎 + 𝑠 𝑉𝑎

(8)
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and in matrix form:

𝑑 𝜔𝑀
𝑎
(𝑖 )= (
𝑔
𝑎
𝑑𝑡

𝜔𝑀
𝑝
𝑏
0
) ( 𝑖 ) + ( ) 𝑉𝑎 + ( ) 𝜏𝐿
𝑟
0
𝑠
𝑎

Table 3-1 DC Motor Parameters
symbol
𝐽𝑀
𝐵𝑀
𝑘𝑡
𝑘𝑏
𝑅𝑎
𝐿𝑎

Value
0.01
0.1
0.01
0.01
1
0.5

Units
kg * m 2

N.m.s
N.m/Amp
v/rad/sec
Ohm
H
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CHAPTER 4
BACKSTEPPING CONTROL
Backstepping is a popular nonlinear control design technique [1, 5]. It is based on
the second method of Lyapunov and acts through a recursive construction of control
Lyapunov function(CLF).
Generating a family of globally asymptotically stabilizing control laws is the main
goal and also an advantage of this method that can be exploited for addressing
robustness issues.
4.1 Lyapunov Stability
In 1892 A.M. Lyapunov implemented a new concept of stability which is then called
by his name “Lyapunov Stability”.
It has two interpretations. First one is rather theoretical and abstract.
The first method consists of all procedures in which the explicit form of the solutions
of the differential equations are used for the analysis.
The second interpretation, is more mathematical and we can determine the stability
of a system without solving the state equations.
Here we will use the second method of Lyapunov (direct method) the most general
method for determination of the stability of nonlinear and / or time-varying linear
systems.
Consider the nonlinear system:
𝑥̇ = 𝑓(𝑥)

(9)

Let an equilibrium point of the system be (𝑥𝑒 )
𝑓(𝑥𝑒 ) = 0, where 𝑥 ∈ 𝑅 𝑛
𝑥𝑒 is stable in the sense of Lyapunov if there exists positive quantity ϵ such that for
every
𝛿 = 𝛿(𝜖)
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we have
|𝑥(𝑡0 ) − 𝑥𝑒 | < 𝛿 → |𝑥(𝑡) − 𝑥𝑒 | < 𝜖
For all 𝑡 > 𝑡0 . We say that 𝑥𝑒 is asymptotically stable if it is stable as defined above
and
|𝑥(𝑡) − 𝑥𝑒 | → 0 𝑎𝑠 𝑡 → ∞
And we call 𝑥𝑒 unstable if it is not stable, in the sense of Lyapunov.
Lyapunov's second or direct method:
Consider the system in equation (9):
𝑥̇ = 𝑓(𝑥)
The definition of a Lyapunov function V(x) which should be positive definite
radially unbounded and 𝑉(0) = 0
Positive definite means as V(x) remains positive regardless of the value of 𝑥 except
that:
𝑉(0) = 0

𝑓𝑜𝑟 𝑥 = 0

𝑉(𝑥) > 0, ∀ 𝑥 ≠ 0
Radially unbounded means that V(x) goes to infinity as 𝑥 goes to infinity.
𝑉(𝑥) → ∞ as 𝑥 → ∞
So, if the value of 𝑉(𝑥) is decreasing along the trajectories of 𝑥̇ = 𝑓(𝑥) as shown
below:
𝑑𝑉(𝑥)
𝑑𝑡

=

𝑑𝑉(𝑥)
𝑑𝑥

𝑓(𝑥) ≤ 0

Then equilibrium point 𝑥𝑒 of the system is stable.
Moreover, if the Lyapunov function satisfies
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𝑉̇ (𝑥) =

𝑑𝑉(𝑥)
𝑑𝑉(𝑥)
< 0, ∀ 𝑥 ≠ 0 𝑎𝑛𝑑
= 0 𝑓𝑜𝑟 𝑥 = 0
𝑑𝑡
𝑑𝑡

Then equilibrium point of the system is globally asymptotically stable.
This means that regardless of the location of 𝑥(𝑡0 ) the following is true
lim 𝑥(𝑡) = 𝑥𝑒

𝑡→∞

4.2 Backstepping theory
In control theory, Backstepping is a design approach that is developed around 1990
by Petar V. Kokotovic and others to design the stability of a special class of nonlinear control laws to achieve dynamical systems. It is combined with Lyapunov
second method to shape the closed-loop, through introducing virtual control inputs to
the dynamics of each sub-state. This is performed recursively Because of this
recursive nature, the controller is able to be designed from the known-stable
subsystem and “back out” new controller that progressively stabilize each outer
subsystem.
Finally, integrate all the controllers to obtain the final control law related to the
problem.
Feedback stabilization: Given the system
𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢

(10)

For input u, design a control law 𝑢 = 𝛼(𝑥) such that 𝑥 = 0 is asymptotically stable
for the closed-loop system:
𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝛼(𝑥)

(11)

Backstepping is a technique that simplifies this task for a class of systems.
Suppose a stabilizing feedback 𝑢 = 𝛼(𝑋) is available for
𝑋̇ = 𝐹(𝑋) + 𝐺(𝑋)𝑢

𝑋 ∈ 𝑅𝑛 ,

𝑢∈𝑅

And suppose the closed-loop system admits a Lyapunov function V(X) such that

13

𝜕𝑉
𝜕𝑋

(𝐹(𝑋) + 𝐺(𝑋)𝛼(𝑋)) ≤ −𝑊(𝑋) < 0 ∀𝑋 ≠ 0.

Can we modify α(X) to stabilize the augmented system below?
𝑋̇ = 𝐹(𝑋) + 𝐺(𝑋)𝑥
𝑥̇ = 𝑢
Define the error variable 𝑧 = 𝑥 − 𝛼(𝑋) and change variables
(𝑋, 𝑥) → (𝑋, 𝑧):
𝑋̇ = 𝐹(𝑋) + 𝐺(𝑋)𝛼(𝑋) + 𝐺(𝑋)𝑧
𝑧̇ = 𝑢 − 𝛼̇ (𝑋, 𝑧)
𝜕𝛼

Where 𝛼̇ (𝑋, 𝑧) = (𝜕𝑋 (𝐹(𝑋) + 𝐺(𝑋)𝛼(𝑋) + 𝐺(𝑋)𝑧)).
Take the new Lyapunov function:
1

𝑉+ (𝑋, 𝑧) = 𝑉(𝑋) + 2 𝑧 2
𝑉̇+ =

(12)

𝜕𝑉
𝜕𝑉
(𝐹(𝑋) + 𝐺(𝑋)𝛼(𝑋)) +
𝐺(𝑋)𝑧 + 𝑧(𝑢 − 𝛼̇ )
𝜕𝑥
𝜕𝑥
𝜕𝑉

≤ −𝑊(𝑋) + 𝑧(𝑢 − 𝛼̇ ) + 𝜕𝑥 𝐺(𝑋)
Let
Then

𝜕𝑉

𝑢 = 𝛼̇ − 𝜕𝑥 𝐺(𝑋) − 𝑘𝑧, 𝑘 > 0.

𝑉̇+ ≤ −𝑊(𝑋) − 𝑘𝑧 2 → (𝑋, 𝑧) = 0 is asymptotically stable.

4.2.1 Relative Degree Concept
Backstepping can be applied to full relative degree system without any hassle.
It is a recursive Lyapunov stability method which is the best applicable to full
relative degree systems.
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What is full relative degree?
Relative degree is how many times you need to take the derivative of the output
signal before the input appears.
Consider a linear system with 𝑛 = 2 (second order)
𝑥̇ 1 = 𝑥2

(13)

𝑥̇ 2 = −2𝑥1 + 𝑥2 + 𝑢

(14)

𝑦 = 𝑥1

(15)

The first derivative of the output 𝑦̇
𝑦̇ = 𝑥̇ 1 = 𝑥2
And the second derivative 𝑦̈
𝑦̈ = 𝑥̇ 2 = −2𝑥1 + 𝑥2 + 𝑢.

→𝑟=2

𝑟=𝑛
That’s mean the system is full relative degree.
In the equation (15) if 𝑦 = 𝑥2 the first derivative of the output (𝑦̇)
𝑦̇ = 𝑥̇ 2 = −2𝑥1 + 𝑥2 + 𝑢.

→𝑟=1

𝑟<𝑛
That’s mean the system is lacking of relative degree, then there will be remaining
dynamics , which may or may not be stable.
For example the DC motor model that is consideration in this work, is a typical
example of full relative degree system.
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4.2.2 Strict Feedback System
The recursive backstepping, approach is applicable to general linear or nonlinear
systems which are satisfying systems of the form:
𝑥̇ = 𝑓0 (𝑥) + 𝑔0 (𝑥)𝜉1
𝜉1̇ = 𝑓1 (𝑥, 𝜉1 ) + 𝑔1 (𝑥, 𝜉1 )𝜉2

(16)

𝜉2̇ = 𝑓2 (𝑥, 𝜉1 , 𝜉2 ) + 𝑔2 (𝑥, 𝜉1 , 𝜉2 )𝜉3
.
.
.
̇ ̇ = 𝑓𝑘−1 (𝑥, 𝜉1 , … , 𝜉𝑘−1 ) + 𝑔𝑘−1 (𝑥, 𝜉1 , … , 𝜉𝑘−1 )𝜉𝑘
𝜉𝑘−1
𝜉𝑘̇ = 𝑓𝑘 (𝑥, 𝜉1 , … , 𝜉𝑘−1 , 𝜉𝑘 ) + 𝑔𝑘 (𝑥, 𝜉1 , … , 𝜉𝑘−1 , 𝜉𝑘 )𝑢
Where:
𝑥 ∈ 𝑅𝑛
𝜉1 , 𝜉2 , … , … , 𝜉𝑘−1 , 𝜉𝑘

with 𝑛 ≥ 1

are scalar virtual control laws,

u is a scalar input to the system,
𝑓0 , 𝑓1 , 𝑓2 , … , 𝑓𝑖 , … , 𝑓𝑘−1 , 𝑓𝑘

vanish at the origin,

(𝑖. 𝑒. , 𝑓𝑖 (0,0, … ,0) = 0),
𝑔1 , 𝑔2 , … , 𝑔𝑖 , … , 𝑔𝑘−1 , 𝑔𝑘

are nonzero over the domain of interest

(𝑖. 𝑒. , 𝑔𝑖 (𝑥, 𝑥1 , … , 𝑥𝑘 ) ≠ 0), for 1 ≤ 𝑖 ≤ 𝑘)
Such forms are termed as strict feedback forms.
Here, strict feedback refers to the fact that the nonlinear functions 𝑓𝑖 and 𝑔𝑖 in the
state equation (𝑥̇ 𝑖 ) only depend on states 𝑥1 , 𝜉2 , … , 𝜉𝑖 , that are fed back to that
subsystem [1].
4.2.3 Application of Backstepping Control:
The control objective is to design a controller for a system recursively by introducing
some “Virtual Controls” to the individual states of the dynamical system in (16) and
designing methodology for derivation of a feedback control law through a recursive
16

construction of the control Lyapunov function (CLF).
Consider a system of the form
𝑥̇ 1 = 𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 )𝑥2
𝑥̇ 2 = 𝑓1 (𝑥1 , 𝑥2 ) + 𝑔1 (𝑥1 , 𝑥2 )𝑥3
.
.
.
𝑥̇ 𝑛 = 𝑓𝑛 (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) + 𝑔𝑛 (𝑥1 , 𝑥2 , … , 𝑥𝑛 )𝑢

(17)

Where the output of the system is 𝑦 = 𝑥1 and u is a control input of the system.
𝑥 = [𝑥1 , 𝑥2 , … , 𝑥𝑛 ] is the state vector of (17).
So, for each state we generate a control law one-by-one to have a globally
asymptotically stable system in the sense of Lyapunov.
Now, we will have a generic introduction to the method for the first few steps to give
some insight:
Step 1: In the first step, the first tracking error is designed:
𝑒1 = 𝑥1 − 𝑥1𝑟

(18)

Where 𝑥1𝑟 is the desired value for variable 𝑥1 [which is also an output ]. Then we
will define the first derivative of the error 𝑒1 and assuming that 𝑥1𝑟 is constant
(ẋ 1𝑟 = 0),
we will obtain:
𝑒̇1 = 𝑥̇ 1 = 𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 )𝑥2

(19)

Also, it will be required that we should derive the second tracking error as:
and 𝑥2 is drawn from the above as:

𝑒2 = 𝑥2 − 𝑥2𝑟
𝑥2 = 𝑒2 + 𝑥2𝑟

(20)

By substituting 𝑥2 in equation (20) into equation (19) we get:
𝑒̇1 = 𝑥̇ 1 = 𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 )(𝑒2 + 𝑥2𝑟 )
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(21)

Now, according to the specifications listed in Section 4.1 of a Lyapunov function.
The ﬁrst (CLF) is chosen as:

1

𝑉(𝑒1 ) = 2 𝑒12

(22)

𝑉̇ (𝑒1 ) = 𝑒1 𝑒̇1

(23)

and its derivative is

substitute e1̇ in equation (21) into (23) we obtain
𝑉̇ (𝑒1 ) = 𝑒1 𝑓1 (𝑥1 ) + 𝑒1 𝑔1 (𝑥1 )(𝑒2 + 𝑥2r )
= 𝑒1 𝑒̇1 = 𝑒1 (𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 )𝑥2𝑟 ) + 𝑔1 (𝑥1 )𝑒1 𝑒2 (24)
Where 𝑉̇ (𝑒1 ) has a negative definite component:
𝑉̇ (𝑒1 ) = −𝑘1 𝑒12 + 𝑔1 (𝑥1 )𝑒1 𝑒2

(25)

𝑥2𝑟 is the first virtual control. (For each state which does not have an external input
we generate a virtual input which makes the part of Lyapunov rate equation such as
(25) negative definite).
The requested 𝑥2𝑟 is:
𝑥2𝑟 =

−𝑘1 𝑒1 −𝑓1 (𝑥1 )
𝑔1 (𝑥1 )

(26)

where 𝑘1 is a positive design parameter. With the above choice, (25) becomes
partially negative definite.
𝑘1 > 0
The term 𝑔1 (𝑥1 )𝑒1 𝑒2 will be handled in the next step.
Step 2: The second error variable is deﬁned as:
𝑒2 = 𝑥2 − 𝑥2𝑟
Where

(27)

𝑥2𝑟 ≠ 0 and defined in (26)

and the time derivative of the second error
𝑒̇2 = 𝑥̇ 2 − 𝑥̇ 2𝑟
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(28)

Now by substituting 𝑥̇ 2 from equation (17) and the time derivative of 𝑥2𝑟 in equation
(26) into equation (28) we obtain:

𝑒̇2 = 𝑓2 (𝑥1 , 𝑥2 )𝑔2 (𝑥1 , 𝑥2 )𝑥3 +

(𝑘1 𝑒̇1 +

𝜕𝑓1
𝜕𝑔
𝑥̇ )𝑔 (𝑥 )+((𝑘1 𝑒1 +𝑓1 (𝑥1 )) 1 𝑥̇ 1 )
𝜕𝑥1 1 1 1
𝜕𝑥1
𝑔12 (𝑥1 )

(29)

From equation (19) we know that 𝑒̇1 = 𝑥̇ 1 and by substituting the value of 𝑥̇ 1 into
equation (29) we get:
𝑒̇2 = 𝑓2 (𝑥1 , 𝑥2 )𝑔2 (𝑥1 , 𝑥2 )𝑥3 +
+

𝜕𝑓1
𝜕𝑔
(𝑓 (𝑥 )+𝑔1 (𝑥1 )𝑥2 ))𝑔1 (𝑥1 )+(𝑘1 𝑒1 +𝑓1 (𝑥1 ) 1 (𝑓1 (𝑥1 )+𝑔1 (𝑥1 )𝑥2 )
𝜕𝑥1 1 1
𝜕𝑥1

(𝑘1 (𝑓1 (𝑥1 )+𝑔1 (𝑥1 )𝑥2 )+

𝑔12 (𝑥1 )

(30)

Define the second (CLF) in the second error for as:
1

𝑉(𝑒2) = 𝑉(𝑒1) + 2 𝑒22

(31)

whose derivative is:
𝑉̇(𝑒2) = 𝑉̇(𝑒1) + 𝑒2 𝑒̇2 = −𝑘1 𝑒12 + 𝑔1 (𝑥1 )𝑒1 𝑒2 + 𝑒2 𝑒̇2

(32)

Then we will define the third error 𝑒3 as 𝑒3 = 𝑥3 − 𝑥3𝑟 and substitute into 𝑥3 and
derive 𝑥3𝑟 to make 𝑉̇(𝑒2) partially negative definite.
And for each error we will define the Lyapunov function as following:
1
𝑉(𝑖) = 𝑉(𝑖−1) + 𝑒𝑖2
2
𝑉̇(𝑖) = 𝑉̇(𝑖−1) + 𝑒𝑖 𝑒̇𝑖
𝑉̇(𝑒1 ,…,𝑒𝑛) = −𝑘1 𝑒12 − ⋯ − 𝑘𝑛 𝑒𝑛2

∀𝑘𝑖 > 0

In the end, as was already mentioned in the section (4.3) about full relative degree
discussion the input 𝑢 which is the control law of the system should appear when
𝑟=𝑛
Where 𝑘1 , 𝑘2 , … … … … … , 𝑘𝑛 are also the control gains of the backstepping
controller.
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4.3 Input-to-State Stability Concept
Input-to-State Stability (ISS) introduced by Sontag [1989] and it is proven to be a
valuable tool in the study of robustness of linear or nonlinear systems. It is of interest
when one desires to extend stability concepts to systems with disturbance inputs.
In the linear case that is represented by the equation 𝑥̇ = 𝐴𝑥 + 𝐵𝑢 it is well known
that if the matrix 𝐴 is Hurwitz, then the unforced system 𝑥̇ = 𝐴𝑥 is asymptotically
stable. In addition the input 𝑢 that leads to bounded states, while input converging to
zero will produce states converging to zero.
Consider the system
𝑥̇ = 𝑓(𝑥, 𝑢)

(33)

Where 𝑥(𝑡) is the state taking values in 𝑅 𝑛 . and 𝑢(𝑡) is a measurable locally
essentially bounded disturbance input taking values in 𝑅 𝑚 .
4.3.1 Class 𝑲 and 𝑲∞ Functions
These are a class of all functions satisfying the following conditions:
1- A function 𝑉: 𝑅 ≥ 0 → 𝑅 ≥ 0 that is positive definite i.e 𝑉(0) = 0 and
𝑉(𝑋) > 0 for all 𝑋 > 0.
2- A positive definite function 𝑉 is of class 𝐾 if it is continuous and strictly
increasing.
3- A restriction of a class 𝐾 function to a subinterval [0, 𝑎] is also said to be a class 𝐾
function. If a class 𝐾 function 𝑉 is defined on the whole 𝑅 ≥ 0 and satisfies
𝑉(𝑥) → ∞ 𝑎𝑠 𝑥 → ∞, then it is of class 𝐾∞ .
4. A function 𝛽 ∶ 𝑅 ≥ 0 × 𝑅 ≥ 0 → 𝑅 ≥ 0 is of class 𝐾𝐿 𝑖𝑓 𝛽(·, 𝑡) is of class 𝐾
for each fixed 𝑡 ≥ 0 𝑎𝑛𝑑 𝛽(𝑟, 𝑡) is decreasing to zero as 𝑡 → ∞ for each fixed 𝑟 ≥
0.
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4.3.2 Lyapunov Stability Revisited
As we mentioned before in Section (4.1), the system is deﬁned by the following
differential equation:
𝑥̇ = 𝑓(𝑥)
In the above, 𝑓(0) = 0. The equilibrium point 𝑥 = 0 will be stable in the sense of
Lyapunov, if a function 𝑉(𝑥) satisfying the properties given in Section (4.3.1) and
𝜕𝑉(𝑥)
𝜕𝑥

𝑓(𝑥) ≤ − 𝛼(|𝑥|)

(34)

where 𝛼(|𝑥|) is a class 𝐾∞ function.
4.3.3 Input-to-State Stability
In this section, the aim is to analyze the stability properties of a general dynamical
system 𝑥̇ = 𝑓(𝑥, 𝑛) against external inputs 𝑛. Here 𝑛 is assumed to be bounded
‖𝑛‖ < 𝑚
The system 𝑥̇ = 𝑓(𝑥, 𝑢) is called input-to-state stable (ISS) with respect to 𝑢 if
there exist 𝛽 ∈ 𝐾𝐿 𝑎𝑛𝑑 𝛾 ∈ 𝑘∞ such that for any initial state 𝑥(0) and every
bounded input 𝑢 corresponding solution of 𝑥̇ = 𝑓(𝑥, 𝑢) satisfies the inequality
|𝑥(𝑡)| ≤ 𝛽(|𝑥(0) |, 𝑡) + 𝛾(‖𝑢‖[0,𝑡] )

∀𝑡 ≥ 0

The system (𝑥̇ = 𝑓(𝑥, 𝑢)) is ISS if and only if there exists a positive deﬁnite
radially unbounded 𝐶 1 (i.e., continuously differentiable) function 𝑉 ∶ 𝑅 𝑛 → 𝑅
such that for some class 𝐾∞ functions 𝛼 and 𝒳 we have:
𝜕𝑉(𝑥)
𝜕𝑥

𝑓(𝑥, 𝑢) ≤ −𝛼(|𝑥|) + 𝒳(|𝑢|)

∀𝑥, 𝑢

(35)

This is in turn equivalent to the following “gain margin” condition
|𝑥| ≥ 𝜌(|𝑢|)

→

𝜕𝑉(𝑥)
𝜕𝑥

𝑓(𝑥, 𝑢) ≤ −𝛼̅(|𝑥|)

(36)

Where 𝛼̅, 𝜌 ∈ 𝐾∞ functions like the above 𝑉are called ISS-Lyapunov functions.
Suppose 𝑓(𝑥, 𝑢) is continuously differentiable and globally Lipschitz in (𝑥, 𝑢).
If 𝑥̇ = 𝑓(𝑥, 0)

has a globally stable equilibrium point at the origin, (section 4.3.2)
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then the system 𝑥̇ = 𝑓(𝑥, 𝑢) is input-to-state stable.
The above are equivalent conditions.
From equation (35), if 𝑢 = 0, the fact that 𝛼 is of class 𝐾∞ ensures

𝜕𝑉(𝑥)
𝜕𝑥

𝑓(𝑥) < 0,

so that 𝑥̇ = 𝑓(𝑥, 0) is globally asymptotically stable.
When 𝑢 ≠ 0 and bounded, the dissipative properties of the system 𝑥̇ = 𝑓(𝑥, 𝑢) is
preserved.
Thus the system 𝑥̇ = 𝑓(𝑥, 𝑢) maintained stable against bounded inputs 𝑢(𝑡).
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CHAPTER 5
CONTROLLER DESIGN and SIMULATIONS
5.1 Speed Control of DC Motors by Backstepping
5.1.1 Step 1: Solution of the Speed Tracking Error Dynamics
For the velocity tracking we will define the tracking error (𝑒𝜔 ) between the motor
angular velocity (ωM ) and the desired angular velocity (𝜔𝑟 ).
𝑒𝜔 = 𝜔𝑀 − 𝜔𝑟
𝑒̇𝜔 = 𝜔̇ 𝑀 − 𝜔̇ 𝑟

(37)

By defining the first derivative (𝑒̇𝜔 ) and assuming that ( 𝜔𝑟 ) is constant ( 𝜔̇ 𝑟 = 0).
From equation (7) and (37)
𝑒̇𝜔 = 𝜔̇ 𝑀 = 𝑎𝜔𝑀 + 𝑏𝑖𝑎 + 𝑝𝜏𝐿

(38)

Define an error variable for the armature current (𝑒𝑖 ).
𝑒𝑖 = 𝑖𝑎 − 𝑖𝑟
𝑖𝑎 = 𝑒𝑖 + 𝑖𝑟

(39)

Substitute (𝑖𝑎 ) into equation (38)
𝑒̇𝜔 = 𝜔̇ 𝑀 = 𝑎𝜔𝑀 + 𝑏𝑒𝑖 + 𝑏𝑖𝑟 + 𝑝𝜏𝐿

(40)

We will choose the following candidate Lyapunov function as:
1

𝑉1(𝜔) = 2 e2 ω

(41)

The first time derivative of Lyapunov function in equation (41) is shown below:
̇
𝑉1(𝜔)
= eω eω̇
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(42)

Substitute eω̇ in (40) into (42) and we will obtain:
̇
𝑉1(𝜔)
= eω (a𝜔𝑀 + 𝑏𝑒𝑖 + 𝑏𝑖𝑟 + 𝑝𝜏𝐿 )
= beω 𝑒𝑖 + eω (a𝜔𝑀 + 𝑏𝑖𝑟 ) + 𝑝𝑒𝜔 𝜏𝐿

(43)
(44)

̇
𝑉1(𝜔)
should have a negative definite component:
̇
𝑉1(𝜔)
= −𝐾𝜔 𝑒 2 𝜔 + 𝑏𝑒𝜔 𝑒𝑖 + 𝑝𝑒𝜔 𝜏𝐿

(45)

𝐾𝜔 > 0
̇
From equation (44) and (45) we can find the virtual input 𝑖𝑟 , to obtain 𝑉1(𝜔)
above:
𝑖𝑟 =

−𝐾𝜔 𝑒𝜔 −𝑎𝜔𝑀
𝑏

(46)

5.1.2 Step 2: Speed Two: Solution of the Armature Current Tracking Error
Dynamics:
Now we will return back to the armture current tracking error.
𝑒𝑖 = 𝑖𝑎 − 𝑖𝑟
And the derivative of the above will be:
𝑒̇𝑖 = 𝑖̇𝑎̇ − 𝑖̇𝑟̇ → 𝑖̇𝑟̇ ≠ 0

(47)

and
𝑖̇𝑟̇ =

(−𝐾𝜔 −𝑎)𝜔̇𝑀
𝑏

(48)

By substituting equation (8) and (48) into equation (47) we will obtain:
𝑒̇𝑖 = 𝑔𝜔𝑀 + 𝑟𝑖𝑎 + 𝑠𝑉𝑎 +

(𝐾𝜔 +𝑎)
𝑏
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(𝑎𝜔𝑀 + 𝑏𝑖𝑎 + 𝑝𝜏𝐿 )

(49)

= (𝑔 +

𝑎(𝑘𝜔 +𝑎)

(𝐾𝜔 +𝑎)

𝑏

𝑏

) 𝜔𝑀 + (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 + 𝑠𝑉𝑎 +

𝑝 𝜏𝐿

(50)

Define the second Lyapunov function in terms of the armature current tracking error:
1

𝑉2(𝑖) = 𝑉1(𝜔) + 2 e2 𝑖

(51)

The first time derivative of the above:
̇
𝑉̇2(𝑖) = 𝑉1(𝜔)
+ e𝑖 e𝑖̇
𝑎(𝐾 +𝑎)
𝑉̇2(𝑖) = −𝐾𝜔 𝑒𝜔2 + 𝑏𝑒𝜔 𝑒𝑖 + 𝑝𝑒𝜔 𝜏𝐿 + 𝑒𝑖 ((𝑔 + 𝜔𝑏 ) 𝜔𝑀 + (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 +

𝑠𝑉𝑎 +

(𝐾𝜔 +𝑎)
𝑏

𝑝𝜏𝐿 )
= ei (beω (𝑔 +

𝑝(𝐾𝜔 +𝑎)𝑒𝑖

(

𝑏

(52)
𝑎(𝐾𝜔 +𝑎)

) 𝜔𝑀 + (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 + 𝑠𝑉𝑎 ) − K ω e2 ω +

𝑏

+ 𝑝𝑒𝜔 ) 𝜏𝐿

(53)
𝑉̇2(𝑖) = −K ω e2 ω − K 𝑖 e2 𝑖

Where

𝜏𝐿 = 0
So,
−K 𝑖 e𝑖 = beω (𝑔 +

𝑎(𝐾𝜔 +𝑎)
𝑏

) 𝜔𝑀 + (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 + 𝑠𝑉𝑎

(54)

Finally Since the system has relative degree 2, the control law (𝑉𝑎 ) appears in the
second step of the backstepping procedure.
Hence, choosing the control law as:
1

𝑉𝑎 = s (−K 𝑖 e𝑖 − beω − (𝑔 +

𝑎(𝐾𝜔 +𝑎)
𝑏
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) 𝜔𝑀 − (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 )

(55)

1

𝑎(𝐾𝜔 +𝑎)

s

𝑏

𝑉𝑎 = (−K 𝑖 (𝑖𝑎 − 𝑖𝑟 ) − b(𝜔𝑀 − 𝜔𝑟 ) − (𝑔 +

) 𝜔𝑀 − (𝑟 + 𝐾𝜔 + 𝑎)𝑖𝑎 ) (56)

By substituting −k 𝑖 e𝑖 in equation (54) into equation (53) we will obtain the final
form of (CLF) [𝑉2(𝑖) ]:
𝑝(𝐾 +𝑎)
𝑉̇2(𝑖) = −K ω e2 ω − K 𝑖 e2 𝑖 + ( 𝜔𝑏 𝑒𝑖 + 𝑝𝑒𝜔 ) 𝜏𝐿

(57)

If there is no Load disturbance torque (𝜏𝐿 = 0), and the following conditions will
yield asymptotically stable motor speed controller in the sense of Lyapunov:
𝐾𝑖 > 0

𝑎𝑛𝑑

𝐾𝜔 > 0

5.1.3 Simulation Results
By selecting the DC Motor parameter as shown in table 3-1, the simulation results
are obtained through Matlab/simulation where the control gains value are shown in
table 5-1:
Table 5-1 Parameter of Control Gains
Parameter

value

control gain 𝐾𝜔

0.5

control gain 𝐾𝑖

1

Duration of simulation

10 𝑠𝑛

𝑇𝑓

desired angular velocity 𝜔𝑟

2000° /𝑠𝑛

For the DC Motor parameters shown in Table 3-1, the results of the simulation of the
closed loop speed control using the details given in Table 5-1 are presented in Figure
5.1. Here, there is no load disturbance torque {𝜏𝐿 = 0 }.
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Figure 5.1(a): Angular Velocity of DC Motor
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Figure 5.1(b): Control Voltage Input of DC Motor
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Figure 5.1(c): Variation of the Torque Generated by the DC Motor
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Figure 5.1(d): Angular velocity of the DC Motor (rpm)
Figures 5.1: The results of speed control simulation. Here, there is no load
disturbance torque (𝜏𝐿 = 0), and the control gains are 𝐾𝜔 = 0.5, 𝐾𝑖 = 1
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5.2 Position Control of DC Motors by Backstepping
5.2.1

Step 1: Solution of the Position Tracking Error Dynamics

From equations (4,5,6) for position control where the first derivative of position
motor (𝜃𝑀 ) are equal to the angular velocity (𝜔𝑀 ).
As we did similar in speed control, we should define the tracking error (𝑒𝜃 ) between
the actual (𝜃𝑀 ) and the desired angular position (𝜃𝑟 ).

𝑒𝜃 = 𝜃𝑀 − 𝜃𝑟
And its derivative is:
𝑒̇𝜃 = 𝜃̇𝑀 − 𝜃̇𝑟

(58)

Assuming that 𝜃𝑟 is constant (𝜃̇𝑟 = 0)
𝑒̇𝜃 = 𝜃̇𝑀 = 𝜔𝑀

(59)

Define a new tracking error for angular velocity dynamics:
𝑒𝜔 = 𝜔𝑀 − 𝜔𝑟

(60)

𝜔𝑀 = 𝑒𝜔 + 𝜔𝑟

(61)

Substituting (𝜔𝑀 ) in equation (61) into the equation (59) we obtain:
𝑒̇𝜃 = 𝑒𝜔 + 𝜔𝑟

(62)

The first Lyapunov function can be chosen as:
1
𝑉1 (𝜃) = e2θ
2
And its time derivative, including substitution from (62), will be:
𝑉1̇ (𝜃) = 𝑒𝜃 𝑒̇𝜃 = 𝑒𝜃 [𝑒𝜔 + 𝜔𝑟 ] = 𝑒𝜃 𝑒𝜔 + 𝑒𝜃 𝜔𝑟
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(63)

Now we will find a 𝜔𝑟 such that the 𝑉1̇ (𝜃) has a negative definite component:
𝑉1̇ (𝜃) = 𝑒𝜃 𝑒𝜔 + 𝑒𝜃 [−𝐾𝜃 𝑒𝜃 ]

(64)

Where:
𝜔𝑟 = −𝐾𝜃 𝑒𝜃

(65)

𝑉1̇ (𝜃) = −𝐾𝜃 𝑒𝜃2 + 𝑒𝜃 𝑒𝜔

(66)

So as a result:

5.2.2 Step 2: Solution of the Speed Tracking Error Dynamics
Now we will return back to the equation (60) for the speed tracking error
𝑒𝜔 = 𝜔𝑀 − 𝜔𝑟

(67)

𝑒̇𝜔 = 𝜔̇ 𝑀 − 𝜔̇ 𝑟

(68)

And by substitute (𝜔̇𝑀 ) from equation (7) and the time derivative of (𝜔𝑟 ) from
equation (65) into equation (68) we obtain:
𝑒̇𝜔 = 𝑎𝜔𝑀 + 𝑏𝑖𝑎 + 𝑝𝜏𝐿 + 𝐾𝜃 𝑒̇𝜃 = 𝑎𝜔𝑀 + 𝑏𝑖𝑎 + 𝑝𝜏𝐿 + 𝐾𝜃 𝜔𝑀
= (𝑎 + 𝐾𝜃 )𝜔𝑀 + 𝑏𝑖𝑎 + 𝑝𝜏𝐿

(69)
(70)

Now define an error variable for the armature current:
𝑒𝑖 = 𝑖𝑎 − 𝑖𝑟

(71)

𝑖𝑎 = 𝑒𝑖 + 𝑖𝑟

(72)

and also one can write:

Substitute 𝑖𝑎 into equation (70) and obtain:
𝑒̇𝜔 = (𝑎 + 𝐾𝜃 )𝜔𝑀 + 𝑏(𝑒𝑖 + 𝑖𝑟 ) + 𝑝𝜏𝐿
Define the second (CLF) function 𝑉2(𝜔)
1
𝑉2(𝜔) = 𝑉1 (𝜃) + e2ω
2
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(73)

And its derivative, with the substitutions from (73) will be:
𝑉̇2(𝜔) = 𝑉1̇ (𝜃) + 𝑒𝜔 𝑒̇𝜔 = −𝐾𝜃 𝑒𝜃2 + 𝑒𝜃 𝑒𝜔 + (𝑎 + 𝐾𝜃 )𝜔𝑀 + 𝑏(𝑒𝑖 + 𝑖𝑟 ) + 𝑝𝜏𝐿
𝑉̇2(𝜔) = −𝐾𝜃 𝑒𝜃2 + 𝑒𝜔 [𝑒𝜃 + (𝑎 + 𝐾𝜃 )𝜔𝑀 + 𝑏𝑒𝑖 + 𝑏𝑖𝑟 + 𝑝𝜏𝐿 ]

(74)

In order that 𝑉̇2 (𝜔) has a negative definite component as shown:
𝑉̇2(𝜔) = −𝐾𝜃 𝑒𝜃2 + 𝑒𝜔 [−𝐾𝜔 𝑒𝜔 ] + 𝑏𝑒𝜔 𝑒𝑖 + 𝑝𝑒𝜔 𝜏𝐿
One should chose a virtual control 𝑖𝑟 as:

𝑖𝑟 =

−𝐾𝜔 𝑒𝜔 −𝑒𝜃 −(𝑎−𝐾𝜃 )𝜔𝑀
𝑏

(75)

The resultant 𝑉̇2(𝜔) will be:
𝑉̇2(𝜔) = −𝐾𝜃 𝑒𝜃2 − 𝐾𝜔 𝑒𝜔2 + 𝑏𝑒𝜔 𝑒𝑖 + 𝑝𝑒𝜔 𝜏𝐿

(76)

5.2.3 Step 2: Solution of the Armature Current Tracking Error Dynamics
Now we will return back to the equation (71) for the armature current tracking error:
𝑒𝑖 = 𝑖𝑎 − 𝑖𝑟
And its time derivative is:
𝑒̇𝑖 = 𝑖̇𝑎̇ − 𝑖̇𝑟̇

(77)

substituting 𝑖̇𝑎̇ from equation (8) and the time derivative of 𝑖𝑟 from equation (75)
into equation (77) we obtain:
𝑒̇𝑖 = 𝑔𝜔𝑀 + 𝑟𝑖𝑎 + 𝑠𝑉𝑎 +
= 𝑔𝜔𝑀 + 𝑟𝑖𝑎 + 𝑠𝑉𝑎 +

𝐾𝜔 𝑒̇𝜔 + 𝑒̇𝜃 + (𝑎 + 𝐾𝜃 )𝜔̇ 𝑀
𝑏

𝐾𝜔 ((𝑎+𝑘𝜃 )𝜔𝑀 +𝑏𝑖𝑎 +𝑝𝑇𝐿 )+𝜔𝑀 +(𝑎+𝐾𝜃 )(𝑎𝜔𝑀 +𝑏𝑖𝑎 +𝑝𝜏𝐿 )
𝑏
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(78)

𝑒̇𝑖 = 𝜔𝑀 [𝑔 +

𝐾𝜔 (𝑎+𝐾𝜃 )
𝑏

1

𝑎(𝑎+𝐾𝜃 )

𝐾𝜔 𝑃+𝐾𝜃 𝑃+𝑎𝑝

𝑏

𝑏

𝑏

+ +

] + 𝑖𝑎 [𝑟 + 𝑎 + 𝐾𝜃 + 𝐾𝜔 ] + 𝜏𝐿 [

]+

𝑠𝑉𝑎
𝑒̇𝑖 = 𝛼𝜔𝑀 + 𝛽𝑖𝑎 + 𝛾𝜏𝐿 + 𝑠𝑉𝑎

(79)

Where:
𝛼 =𝑔+

𝐾𝜔 (𝑎+𝐾𝜃 )
𝑏

1

+𝑏+

𝑎(𝑎+𝐾𝜃 )
𝑏

,

𝛽 = 𝑟 + 𝑎 + 𝐾𝜃 + 𝐾𝜔 ,
𝛾=

𝐾𝜔 𝑃 + 𝐾𝜃 𝑃 + 𝑎𝑝
𝑏

Now we will define the third (CLF) 𝑉3(𝑖) on current tracking error (𝑒𝑖 ):
1

𝑉3(𝑖) = 𝑉2(𝜔) + 2 e2𝑖

(80)

and its time derivative will be:
𝑉̇3(𝑖) = 𝑉̇2(𝜔) + 𝑒𝑖 𝑒̇𝑖 = −𝐾𝜃 𝑒𝜃2 − 𝐾𝜔 𝑒𝜔2 + 𝑏𝑒𝜔 𝑒𝑖 + 𝑝𝑒𝜔 𝜏𝐿 + 𝑒𝑖 𝑒̇𝑖
= −𝐾𝜃 𝑒𝜃2 − 𝐾𝜔 𝑒𝜔2 + 𝑝𝑒𝜔 𝜏𝐿 + 𝑒𝑖 (𝑏𝑒𝜔 + 𝛼𝜔𝑀 + 𝛽𝑖𝑎 + 𝛾𝜏𝐿 + 𝑠𝑉𝑎 )

(81)

= −𝐾𝜃 𝑒𝜃2 − 𝐾𝜔 𝑒𝜔2 + 𝑝𝑒𝜔 𝜏𝐿 + 𝛾𝑒𝑖 𝜏𝐿 + 𝑒𝑖 (𝑏𝑒𝜔 + 𝛼𝜔𝑀 + 𝛽𝑖𝑎 + 𝑠𝑉𝑎 )
𝑉̇3 (𝑖) should have a negative definite component:
−𝐾𝑖 𝑒𝑖 = 𝑏𝑒𝜔 + 𝛼𝜔𝑀 + 𝛽𝑖𝑎 + 𝑠𝑉𝑎

(82)

Finally, since the system has relative degree 3, the control law (𝑉𝑎 ) appears in the
third step of Lyapunov function:

𝑉𝑎 =

−𝐾𝑖 𝑒𝑖 −𝑏𝑒𝜔 −𝛼𝜔𝑀 −𝛽𝑖𝑎
𝑠
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(83)

And, the final Lyapunov derivative 𝑉̇3(𝑖) is obtained as:
𝑉̇3(𝑖) = −𝐾𝜃 𝑒𝜃2 − 𝐾𝜔 𝑒𝜔2 − 𝐾𝑖 𝑒𝑖2 + 𝑝𝑒𝜔 𝜏𝐿 + 𝛾𝑒𝑖 𝜏𝐿

(84)

For the cases where, there is no Load disturbance torque (𝜏𝐿 = 0)choosing the
following control gains:
𝐾𝜃 > 0 , 𝐾𝜔 > 0

𝑎𝑛𝑑

𝐾𝑖 > 0

will yield a globally asymptotically stable closed loop motor position controller.
5.2.4 Simulation Results
By selecting the DC Motor parameter as shown in table 3-1, the simulation results
are obtained through Matlab/simulation where the control gains value are shown in
table 5-2:
Table 5-2 Parameters of Control Gains
Parameter

value

control gain 𝐾𝜃

0.5

control gain 𝐾𝜔

1

control gain 𝐾𝑖

2

Duration of simulation

10 𝑠𝑛

𝑇𝑓

75°

desired angular position 𝜃𝑟

For the DC motor parameters shown in Table 3-1, the results of the simulation of the
closed loop position control using the details given in Table 5-2 are presented in
Figure 5.2. Here, we have again no disturbance torque {𝜏𝐿 = 0}
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Figure 5.2(a): Angular Position of the DC Motor
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Figure 5.2(b): Control Voltage Input of DC Motor
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Figure 5.2(c): Variation of the torque generated by the DC Motor
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Figure 5.2(d): Velocity of the DC Motor
Figures 5.2: The results of position control simulation. Here, there is no load
disturbance torque (𝜏𝐿 = 0), and the control gains are 𝐾𝜃 = 0.5, 𝐾𝜔 = 1, 𝐾𝑖 = 2
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5.3 Existence of Disturbances Effects of Speed and Position Control
This section is dedicated to the demonstration of the simulation results related to the
control of speed and position of DC motor. If there are exogenous disturbances (they
always be in realistic conditions) these will appear as a load torque to the motor
shaft. Thus, there is a load torque term denoted by 𝜏𝐿 . In the design process it is
assumed as zero however its effects on the closed loop operation should be analyzed.
In this section, that goal is achieved by simulation.
5.3.1 Speed Control under Disturbance
In this section the scenarios presented in Table 5-1 is simulated under the presence of
a load disturbance torque 𝜏𝐿 which is modeled as a random number drawn from a
zero mean (μ = 0) Gaussian (Normal) distribution with a standard deviation of σ =
0.07 N ·m. The related results are presented in Figure 5.3.
In order to see the actual situation, the randomness of the disturbance will require
one to repeat the simulations several times with the random disturbance torque active
on the model. In this study, the number of repeats is chosen as Ntst = 200 times
repeating, which is an approach inspired from Monte Carlo methodologies. As 𝜏𝐿 is
a random input here, repeated trials will help to cover different cases as much as
possible. The figures show the result of each individual case that are superimposed in
a single figure. The results reveal that, the performance of the controller with the
given gains is considerably degraded. Because of this fact, it is beneficial to choose
larger controller gains. A theoretical analysis and subsequent results are given in the
theoretical background and numerical results.
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Figure 5.3(a): Angular Velocity of DC Motor
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Figure 5.3(b): Control Voltage Input of DC Motor
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Figure 5.3(c): Variation of the Torque Generated by DC Motor
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Figure 5.3(d): Angular velocity of the DC Motor (rpm)
Figures 5.3: The results of speed control simulation. Here, the load disturbance
torque (𝝉𝑳 ) is a random variable and the control gains are 𝐾𝜔 = 0.5, 𝐾𝑖 = 1
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5.3.2 Position Control under Disturbance
For position control the simulation results are shown in figures (5.4) by selecting the
parameter of control gain as shown in Table 5-2.
In this section, simulations similar to that of the last section are performed for
position control.
Here the scenario is same as Table 5.2. Here the load disturbance torque is again a
Gaussian (Normally distributed) random number with zero mean (𝜇 = 0) and a
standard deviation of 𝜎 2 = 0.007 𝑁 · 𝑚. The simulation results under those
conditions are shown in Figure 5.4. Like in the case of speed control, the simulation
results are repeated several (200) times and plotted as superimposed in a single
figure. Similar to speed control, the performance of the controller is degraded in
presence of disturbance torques. In addition, the magnitude of the disturbance torque
is smaller than that of the speed control case.
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Figure 5.4(b): Control Voltage Input of DC Motor
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Figure 5.4(c):Variation of the torque generated by the DC Motor
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Figure 5.4(d): Velocity of the DC Motor
Figures 5.4: The results of position control simulation. Here, the load disturbance
torque 𝝉𝑳 is a random variable and the control gains are 𝐾𝜃 = 0.5, 𝐾𝜔 = 1, 𝐾𝑖 = 2
5.4 Robustness Analysis against Disturbances:
In this section, we will perform a theoretical robust stability analysis of the closed
loop against the disturbances.
Direct current machines are frequently subjected to different types of disturbances
such as the disturbance torque. These disturbances affect the performance of DC
motor and may cause the system to become unstable. Controlling DC motor with
disturbances might be a challenging task.
In this section we will apply the theoretical input-to-state stability (ISS) analysis
approach that we discussed in Section 4.3 to assess the effects of disturbance torque
on the speed and position control of the closed loop.
5.4.1 Robustness Analysis of Speed Controller
As understood from (35) one needs the control Lyapunov function of the closed loop.
(35) is obviously an inequality and one can transform (57) to an inequality using the
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tools provided by linear algebra.
Theorem 1: In a typical quadratic form 𝑥 𝑇 𝑃𝑥 one can write the following lower and
upper bounds:
λmin(𝑃)𝑥 𝑇 𝑥 ≤ 𝑥 𝑇 𝑃𝑥 ≤ λmax(𝑃)𝑥 𝑇 𝑥

(85)

Here λ𝑚𝑖𝑛(𝑃) 𝑎𝑛𝑑 λ𝑚𝑎𝑥(𝑃) are the smallest and largest eigenvalues of matrix 𝑃
respectively.
In order to make use of the above theorem it will be convenient to rewrite (57) as:
𝑉̇2 = −𝑒 𝑇 𝐾𝑒 + 𝑒 𝑇 𝐺𝜏𝐿

(86)

In the above
𝑒 = [𝑒𝜔 , 𝑒𝑖

]𝑇

𝐾
,𝐾 = [ 𝜔
0

𝑝(𝐾𝜔 + 𝑎)
0
] 𝑎𝑛𝑑 𝐺 = [𝑝,
]
𝐾𝑖
𝑏

𝑇

In order to proceed, Theorem 1 should be utilized once more to have a new
definition.

Consider the following generic quadratic form:
(𝑥 − 𝐺𝑤)𝑇 (𝑥 − 𝐺𝑤)
which is always positive except that 𝑥 = 𝐺𝑤.
Knowing this fact from linear algebra we can do the following:
(𝑥 − 𝐺𝑤)𝑇 (𝑥 − 𝐺𝑤) = 𝑥 𝑇 𝑥 − 𝑥 𝑇 𝐺𝑤 − 𝑤 𝑇 𝐺 𝑇 𝑥 + 𝑤 𝑇 𝐺 𝑇 𝐺𝑤 ≥ 0
𝑥 𝑇 𝑥 + 𝑤 𝑇 𝐺 𝑇 𝐺𝑤 ≥ 𝑥 𝑇 𝐺𝑤 + 𝑤 𝑇 𝐺 𝑇 𝑥
It is known that, 𝑥 𝑇 𝐺𝑤 + 𝑤 𝑇 𝐺 𝑇 𝑥 is scalar, thus one can write the following:
𝑥 𝑇 𝑥 + 𝑤 𝑇 𝐺 𝑇 𝐺𝑤 ≥ 2𝑥 𝑇 𝐺𝑤
1 𝑇
(𝑥 𝑥 + 𝑤 𝑇 𝐺 𝑇 𝐺𝑤) ≥ 𝑥 𝑇 𝐺𝑤
2
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(87)

As a result, it is possible to write the following from (86):
1
𝑉̇2 ≤ −λ min(𝐾) 𝑒 𝑇 𝑒 + 2 (𝑒 𝑇 𝑒 + 𝜏𝐿𝑇 𝐺 𝑇 𝐺𝜏𝐿 )

(88)

Proceed one step further:
1
𝑉̇2 ≤ ( − λ min(𝐾)) 𝑒 𝑇 𝑒 + 𝜏𝐿𝑇 𝐺 𝑇 𝐺𝜏𝐿
2
1

≤ (2 − λ min(𝐾)) 𝑒 𝑇 𝑒 + λmax(𝐺 𝑇 𝐺)𝜏𝐿𝑇 𝜏𝐿

(89)

From the above relationships, it is obvious that λ min(𝐾) = min(𝐾𝜔 , 𝐾𝑖 ).
1

It is required that, the condition (2 − min(𝐾𝜔 , 𝐾𝑖 ) < 0) is satisfied to fulfill the
conditions defined in Section 4.3.3. Here, λmax(𝐺 𝑇 𝐺)𝜏𝐿𝑇 𝜏𝐿 is always a member of
𝐾∞ functions.
Where :
𝑇

λmax𝐺 𝐺 = [𝑝,

𝑝(𝐾𝜔 +𝑎)

𝑝

] [𝑃(𝐾𝜔 +𝑎)]

𝑏

𝑏

And
λmax𝐺 𝑇 𝐺 = [𝑝2 ,

𝑝(𝐾𝜔 +𝑎)2
𝑏2

]>0

Except
(𝑝,

𝑝(𝐾𝜔 +𝑎)
𝑏

) = (0,0)

One should note that, the condition derived here is a sufficient condition.
It means that, even though this condition is not satisfied, the closed loop might
behave stable against the disturbance torque 𝜏𝐿 (𝑡). However, the satisfaction of the
condition Section 4.3.3 brings a considerable attenuation of the disturbance.
The further improvement of this attenuation can be obtained if a larger min(𝐾𝜔 , 𝐾𝑖 )
Is chosen. If the 𝐾𝜔 is assigned the value (1) the conditions will be satisfied and one
will be able to see the related results in Figure 5.5.
In those, the environmental conditions are same as that of Figure 5.3.
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Figure 5.5(a): Angular Velocity of DC Motor
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Figure 5.5(b): Control Voltage Input of DC Moto
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Figure 5.5(c): Variation of the Torque Generated by DC
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Figure 5.5(d): Angular velocity of the DC Motor (rpm)
Figures 5.5: The results of speed control simulation.
Here, the control gains are 𝐾𝜔 = 1, 𝐾𝑖 = 1
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In terms of appearance there is no significant difference between this results in
Figure 5.5 and the results in Figure 5.3.
In order to achieve a better result, it is recommended to increase the control gain,
such as (K ω = 5 and K i = 5),
The next figures shown that there is a significant improvement for speed control
when the control gains equal to (K ω = 5 and K i = 5)
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Figure 5.6(a): Angular Velocity of DC Motor
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Figure 5.6(b): Control Voltage Input of DC Motor
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Figure 5.6(c): Variation of the Torque Generated by the DC Motor
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Figure 5.6(d): Angular velocity of the DC Motor (RBM)
Figures 5.6: The results of speed control simulation. Here, the control gains are 𝐾𝜔 =
5, 𝐾𝑖 = 5
5.4.2 Robustness Analysis of position controller
A procedure similar to that of the speed control will be applied. We will start with
the final Lyapunov of derivative 𝑉̇3(𝑖) .
From equation (84) it is necessary to rewrite this equation in a matrix form as shown
in the following:
𝑉̇3 = −𝑒 𝑇 𝐾𝑒 + 𝑒 𝑇 𝐺𝜏𝐿

Where:

𝐾𝜃
𝑒 = [𝑒𝜃 , 𝑒𝜔 , 𝑒𝑖 ] , 𝐾 = [ 0
0
𝑇

0
𝐾𝜔
0

0
0 ] 𝑎𝑛𝑑 𝐺 = [0, 𝑝, 𝛾]
𝐾𝑖

As we did in section 5.1 it is possible to write the following from (90):
1
𝑉̇3 ≤ ( − λ min(𝐾)) 𝑒 𝑇 𝑒 + 𝜏𝐿𝑇 𝐺 𝑇 𝐺𝜏𝐿
2
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(90)

1

≤ ( − λ min(𝐾)) 𝑒 𝑇 𝑒 + λmax(𝐺 𝑇 𝐺)𝜏𝐿𝑇 𝜏𝐿

(91)

2

1
≤ ( − λ min(𝐾𝜔 , 𝐾𝜃 , 𝐾𝑖 )) 𝑒 𝑇 𝑒 + λmax(𝐺 𝑇 𝐺)𝜏𝐿𝑇 𝜏𝐿
2
From the above equation, it is obvious that the result is the same as the equation (89).
That is:
λ min(𝐾) = min(𝐾𝜔 , 𝐾𝜃 , 𝐾𝑖 )
Where 𝐾𝜔 , 𝐾𝜃 , 𝐾𝑖 should be greater than ½.
1

The input-to-state stability theorem (4.3.3) dictates that (2 − min(𝐾𝜔 , 𝐾𝜃 , 𝐾𝑖 ) < 0)
and λmax(𝐺 𝑇 𝐺)𝜏𝐿𝑇 𝜏𝐿 is always a member of 𝐾∞ functions.
Finally, the next figures shown the result of simulation when the control gains equal
to (𝐾𝜃 = 5, K ω = 5 and K i = 5) , and we can see that the disturbance torque are
decreases compared to the Figure 5.4
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Figure 5.7(a): Angular Position of the DC Motor
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Figure 5.7(b): Control Voltage Input of DC Motor
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Figure 5.7(c): Variation of the torque generated by the DC Motor
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Figure 5.7(d): Angular Velocity of the DC Motor
Figure 5.7: The results of position control simulation.
Here, the control gains are 𝐾𝜃 = 5, 𝐾𝜔 = 5, 𝐾𝑖 = 5
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CHAPTER 6
COMPARISON WITH OTHER DC MOTOR CONTROL LAWS
In this chapter we compared the results of this research with the results of another
work on the same motor model. That research implements a projective linear
quadratic control of a DC motor under disturbance torques [64].
6.1 Simulation Results of Speed Control for both Backstepping Control and
Projective Control
Working on the same DC Motor (Table 3-1) for both backstepping control and
projective control with the control gains and scenario shown in Table 6-1, the
simulation results are obtained on MATLAB. They will be presented in the
proceeding sections.
Table 6-1: Parameters of Speed Control Gains for Backstepping Control and
Projective Control
Parameter

Backstepping control
𝐾𝜔 = 0.5,

control gains
Duration of simulation

𝑇𝑓

desired angular velocity 𝜔𝑟

𝐾𝑖 = 1

Projective control
𝐾 𝑜 = [0.89686

−0.32197]

10 𝑠𝑛

10 𝑠𝑛

2000° /𝑠𝑛

2000° /𝑠𝑛

6.1.1 The simulation results of speed control {𝝉𝑳 = 𝟎}
In this section one can see the response of the closed loop associated with the
backstepping control of speed (Figure 6.1) and that of projective control (Figure 6.2).
In these cases, there are no load disturbance torque {𝜏𝐿 = 0 }.
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Figure 6.1: Angular Velocity of DC Motor by Backstepping Control
(𝜏𝐿 = 0 ) and (𝐾𝜔 = 0.5, 𝐾𝑖 = 1)
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Figure 6.2: Angular Velocity of DC Motor by Projective Control
(𝜏𝐿 = 0 ) and (𝐾 𝑜 = [0.89686
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−0.32197])

6.1.2 Speed Control under Disturbance Torque
The next figures show the simulation results related to the speed control of DC motor
under backstepping control (Figure 6.3), and projective control(Figure 6.4). Here (
𝜏𝐿 ) is considered as a random variable with zero mean (μ = 0) and standerd
deviation σ = 0.2 N.m, and the number of repeats is chosen as Ntst = 200 times
repeating for both methods.
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Figure 6.3: Angular Velocity of DC Motor by Backstepping Control
under Disturbance Torque (𝐾𝜔 = 0.5, 𝐾𝑖 = 1)
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Figure 6.4: Angular Velocity of DC Motor by Projective Control
under Disturbance Torque 𝐾 𝑜 = [0.89686

−0.32197]

6.1.3 Robustness Analysis of Speed Controller
In this section, we present the comparison of the same cases with a retuning of the
control gains for robustness. Here the control gains are (𝐾𝜔 = 5, 𝐾𝑖 = 5) for
backstepping method and 𝐾 𝑜 = [4.4476 0.029499] for projective control.
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Figure 6.5: Angular Velocity of DC Motor by Backstepping Control
(𝐾𝜔 = 5, 𝐾𝑖 = 5)
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Figure 6.6: Angular Velocity of DC Motor by Projective Control
𝐾 𝑜 = [4.4476 0.029499]
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6.1.4 Conclusion of comparison in speed control
From the results above in speed control by two different methods We can compare
the results between backstepping control and projective control as in the following:
1- In speed control where is no load disturbance torque {𝝉𝑳 = 𝟎 }
a) Backstepping control seems to have an overshoot, and for the time in the beginning
It takes (2.5 sec) to reach the desired angular velocity.
b) In projective control there is no overshoot and it takes more time to reach the
desired angular velocity (about 6 sec).
2- In speed control under disturbance torque.
a) Backstepping control seems to have a better noise attenuation, and there is no
change in settling time.
b) In projective control the noise is more complicated than backstepping control, this
can be done by tuning the LQR gains, but one may not guarantee a better result
due to projective control and necessity of a interim pole placement, and there is a
change in settling time from 6 sec without load disturbance torque to 30 sec under
disturbance torque.
3- Controllers retuned for robustness
a) In backstepping increasing the gains (as dictated by input-to-state stability theory)
there is a big improvement in the attenuation of disturbance torque as we see in
Figure 6.5, and the overshoot disappears by increasing the gains, and the settling
time is decreasing to just 1 sec.
b) In projective control re-tuning the gains yielded a slight improvement in noise and
the time settling return back to 6 sec. One can see this in Figure 6.6.
6.2 Simulation results of position control for both backstepping control and
projective control
Working on the same DC Motor (Table 3-1) for both backstepping control and
projective control with the control gains and scenario shown in Table 6-2, the
simulation results are obtained on MATLAB. One can see the associated results in
the proceeding sections.
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Table 6-2: Parameters of Position Control Gains for Backstepping Control and
Projective Control
Parameter

Backstepping control

Projective control
𝐾 𝑜 = [0.89686

𝐾𝜃 = 0.5, 𝐾𝜔 = 1, 𝐾𝑖 = 2

control gains

−0.32197]

which is utilized

Duration of simulation

𝑇𝑓

desired angular position 𝜃𝑟

10 𝑠𝑛

(𝑉𝑎 = −𝐾 𝑜 [𝑒𝜃 𝜔]𝑇
10 𝑠𝑛

200° /𝑠𝑛

200° /𝑠𝑛

6.2.1 The simulation results of position control {𝝉𝑳 = 𝟎}
Figure 6.7 and 6.8 shown the results of the simulation of the closed loop position
control using Backstepping and projective control respectively for the scenario in
Table 6-2. Here, there is no load disturbance torque {𝜏𝐿 = 0 }.
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Figure 6.7: Angular Position of the DC Motor by backstepping
(𝜏𝐿 = 0 ) and (𝐾𝜃 = 0.5, 𝐾𝜔 = 1, 𝐾𝑖 = 2)
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Figure 6.8: Angular Position of the DC Motor by projective control
(𝜏𝐿 = 0 ) and (𝐾 𝑜 = [0.89686

−0.32197]) which is utilized (𝑉𝑎 = −𝐾 𝑜 [𝑒𝜃 𝜔]𝑇

6.2.2 Position Control under Disturbance
The next figures show simulation results related to the position control of DC motor
under backstepping control (Figure 6.9), and projective control (Figure 6.10).
Here ( 𝜏𝐿 ) is considered as a random variable with zero mean (μ = 0) and standerd
deviation σ = 0.01 N.m, and the number of repeats is chosen as Ntst = 200 times
repeating for both methods.
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Figure 6.9: Angular Position of the DC Motor by backstepping control
Under disturbance torque(𝐾𝜃 = 0.5, 𝐾𝜔 = 1, 𝐾𝑖 = 2)
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Figure 6.10: Angular Position of the DC Motor by projective control Under
disturbance (𝐾 𝑜 = [0.89686

−0.32197]) which is utilized (𝑉𝑎 − −𝐾 𝑜 [𝑒𝜃 𝜔]𝑇 )
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6.2.3 Robustness Analysis of Position Controller
Motor position control
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Figure 6.11: Angular Position of DC Motor by Backstepping Control
𝐾𝜃 = 5,

𝐾𝜔 = 5,

𝐾𝑖 = 5
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Figure 6.12: Angular Position of DC Motor by Projective Control
(K o = [0.89686

−0.32197]) which is utilized (Va = −K o [eθ ω]T. All the poles
are satisfying (Theorem 4 in projective control)
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6.2.4 Conclusion of Comparison in Position Control
From the results above in position control by two different methods we can compare
the results between backstepping control and projective control as the following:
1- In position control the backstepping control seems to have a better noise
attenuation as it is easier to tune the controller, and here there is no overshoot as in
speed control, and by retuning for robustness there is a big improvement in
disturbance torque attenuation as we see in Figure 6.11. In addition, settling time is
very small to reach the desired position (about 1.6 second).
2- In projective control the magnitude of the disturbance torque is also smaller than
that of the speed control case, and by retuning for ropustness there is a big
improvement in disturbance torque as we see in Figure 6.12, but the settling time
is still very big compared to backstepping case as we see in Figures (6.7,6.9)
6.3 Conclusion of Comparison
Finally to sum up the comparison, the simulation results have clearly illustrated that
the proposed linear backstepping controllers are quite effective and efficient for DC
machine than projective control method.
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CHAPTER 7
CONCLUSION
In this study, an application of linear backstepping control technique on the position
and speed control of DC motors are presented. The applications are shown step-bystep in detail and the performances of the designs are shown graphically. The
operation of the closed loop system is quite successful in an ideal environment free
of disturbances. It is also noted that, if the controller gains are suitably adjusted the
controllers are capable of attenuating the effects of the disturbance torques. Knowing
the fact that disturbances can be considered as inputs to the closed loop, the
theoretical input-to-state stability approach in [58] can be applied to the robustness
analysis of the closed loop motor controller against the disturbance torques. It is
found that, one can find suitable control gains which satisfy the inequalities obtained
from the input-to-state stability theorems. As the input-to-state stability is an
approach based on inequality derivation from equalities, there will be a certain level
of conservativeness in the results. Of course, choosing the right manipulations will
eliminate this conservativeness to a high extent. In this study, the conservativeness of
derivations are at an acceptable level. The result obtained from the stability analysis
is that the control gains should be larger than 1/2 to satisfy the derived input-to-state
stability inequalities. This is of course a sufficient condition and it will not mean that
the closed loop will be unstable when the gains are smaller than 1/2 value. Here one
should note that, the disturbance torques are assumed bounded. It is also important
that, the theoretical result obtained from the input-to-state stability theory is also a
minimum requirement and when the control gains are increased in value, the
handling of the disturbance torques becomes better. The only drawback of this
adjustment is the increase of the motor output torque demand which leads to high
input voltage requirements. The performances of this research are compared with a
projective control research, by considering a linear model of DC motor. Overall the
projective controller performs well but the robust backstepping controller performs
better especially where is no load disturbance torque and in the presence of input-tostate stability.
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A future study based on this work can be the application of different linear control
techniques to the same problem and repeat the theoretical and numerical analysis
performed in this work on them.
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